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Preface 


This book gives a concise presentation of ideas and methods used by the 


theoretical physics proceeding from the concept of 
relativity and the theory of physical vacuum. In h 


author to develop the Clifford-Einstein program of 
equations of physics, and al 


so to solve various funda 





the geometrigation of the 
mental problems of modern 
the universal principle of 
is studies the author made 








an attempt to combine phenomena of seemingly different nature and to sketch 


a coherent picture of mode 


rm physics. 
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indirectly, made the publication of this book possible. Special thanks are due 
to my friends and colleagues E. A. Gubarev, A. N. Sidorov, and I. A. Volodin. 

Many ideas expounded in this book were presented in my first monograph 
published in 1979 with a support of M. A. Adamenko and I. $. Lakoba at 


Moscow University Press. 


[remember with gratitude my productive talks with V.Skalsky, an Associate 





Professor at Slovak Polytechnic, who made same valuable points about various 


Vacuum states of matter. 





for my studies of torsion fields and interactions. 
The attention and support of all these persons contributed enormously ta 

the publication of this book. 
Last but not least, the author must record his deep obligation to Elena 

Turantaeva who was good enough to edit the book and read the proofs. 


1993 


Useful comments of A. EB. Akimov have been encouraging in many respects 


Gennady Shipov 


Preface to English edition 


The translation of the book into English is shortened as far as it doesn’t 
contain the 5*" chapter of the Russian edition. This chapter is dedicated to 
phenomena of seemingly different nature and its absence doesn’t influence the 


main scientific results. 


1998 





Gennady Shipov 


Conventions! 


Three-dimensional tensor indices are denoted by the Greek letters a, 8,y,... 
and take the values 1, 2, 3. 

Three-dimensional vectors (e.g., linear and angular velocity) are denoted as: 
vand wor v and w. 

Four-dimensional tensor indices are denoted by Latin letters t,7,4...; they 
assume the values 0, 1, 2, 3. Letters from the first part of the alphabet 
(a,b,...,%) are used as tetrad indices,e.g.,e',, (a@=0,1,2,3). 


Spinor indicesin the spinor A-basis are denoted by Roman capitals A,B..., C... 


and take the values 0,1 or 0,1. Spinor indices in the I-basis are labeled by Greek 
letters a,6,...,7,0.... 
symmetrization and antisymmetrigation of pairs of indices: 


1 1 
Stij) = rious + S3:), Sua = ria — 552). 
Exclusion of an index from symmetrization or antisymmetrigation: 
1 1 
Scajiy = 5 Size t Sejv)s Stagg = Gtx — Sejx).- 


Passing over to local (tetrad) indices: $4, = eS pelyekc, 
External product: e* Ae’ = a%e* — eve". 
oe 

The Levi-Chivita pseudotensor: €yj4.; dual tensor: $;;= seijtm oe. 

The matrix representation of 

(a) tensor quantities : 
S93, or, discarding the matrix indices a and 6, 84, > 5; 

(b) spin-tensor quantities: 548 sy > Sy. 

A matrix product: [P.,2:] = Pnfy — TP. 

woe . . . + 

Hermitian conjugate matrices: S' . 

Derivatives 


Partial derivatives with respect to the translational coordinates x‘ are labeled 
by a comma intront of an index, 1.e., ff, = af foc" = a frye covariant derivative 
with respect to the Christoffel symbols Py is denoted by Vz or Vpu' = @,ut + 
I y.ul. 


A local covariant derivative: Vaub = @.ub 4T? vue. 





* . . 
A covariant derivative Vy, with respect to the connection Avy = e4ey , ot 
the Ay geometry: Vz ul = O,u' + Abu. 


1The following is a list of only some important notations. All the conventions are explained 
in the text. 


D 


An external derivative: d. 
A spinor derivative: G43. 


Translational metric and tetrads 


Translational coordinates: 2",21,c7, 2%. 


The metric signature: (+ —- -—). 

A translational linear element: 
ds* = narere' dx‘ de, Hap =e = diag(l- 1-1-1) 

The structural equations of the group of translations of the Aq geometry: 
ViaVaje" = —s; cV ct. 

l-form of the tetrad: e7 = e7 dz". 


Rotational metric and torsion 


Rotational coordinates: @1,@2,@2,01, 92, 2. 
Rotational metric: dr? = dy? dy, = 74,2", dx‘ de, 
dx ab = —4Xqd- a 
The torsion of Aq geometry: O53! = e',e%, 4 = 52 a(2%s,5 - e*, 
The contorsion tensor of Ay geometry (the rotational Ricci coefficients): 


Ti, = -23;' + gg ;.8r¢ + Fes Qin; ) = e , Vie". 
l-form of contorsion: T4 = T4,dc* =T4.2") Pian} =O. 


The structural equations of a rotational group (the matrix indices are dis- 
carded): VinVinje’ = $Rume', where Rim = 2VinTy + [Pm Tu- 


Connection and curvature of A, geometry 


j . i _ fi t _ at aq. 
Connection: A jk r jk + P= ee a 


Alay = Tha = — O36) AGay =P jet PGi Cne + Jasin} )- 
Curvature: 
t _ t t 3 _ 
gem = Ait yt PAS A fon] = 
i i i c ra 
= Ayim + 2V (EP jm] + 22 cp ym] = 2 
7 _ t t 3 _ : 
where # = 2D mn, ¥] + Pd Tylon] the Riemann tensor. 


jkr 
1-form of connection: A%, = A4,dr* = A4e°. 
The Cartan structural equations: 

(a) first structural equations: de? — e° AT? = 0; 


(b) second structural equations: A%,+ d74474AT¢=0. 


Spinor A-basis 


Newman-Penrose symbols: of". 


Translational metric: gj; = ace; so AB gD 


AB ; 
ape: , where e*” is a fundamental 
spinor 


AB an Oo ol 
& fap & Pan ( -1 66 ). 


The rotational Ricci coefficients: 








. . — t . . 
Pagobe = Top Veo abe 


The rotational Ricci coefficients in terms of Carmeli matrices: Ty, with 
matrix elements (Tago ?. 


The Riemann curvature in terms of Carmeli matrices: Aygon- 
The equations of physical vacuum written in Carmeli matrices: 


i i Poi i ; 
Po50um — Fae on = (Toala ope t Caa(Tio)*a- 
—(Tago’ ops — Cop(TE,)* 5, (A*) 
Reeps = nb! pe - Opel ng - (Tope l sz ~ (T3)" geet 


+(Ppa)o°T sa + (Ti) Poet (Pras? pal: (Bet) 
+ Hermitially conjugate equations. 


Part Il 


GEOMETRY 
OF ABSOLUTE 
PARALLELISM 


Introduction 


Geometry with absolute parallelism was first considered in 1923-24 in the 
works of Weitgenbaock [1, 2] and Vitali[3, 4]. Weitzenbock suggested that there 
exist in the n-dimensional manifold Mf with coordinates ct,...,2° of Riernan- 
nian spaces with a gero Riemann-Christoffel tensor 





Relationship (4.1) was regarded as the condition of parallel displacement of 
an arbitrary vector in a given space in the absolute (independent of path) sense. 
In 1924 Vitali introduced the concepts of the connection of absolute parallelism 


[3] 





Af =e ey (4.2) 
J=55, ty Syk. -=0,1,2,3, 
a,6,c...=0,1,2,3 


where e*, and e?, are basic vectors defined at each point of space and translatable 
in the absolute sense to any point of the space in any direction. Weitzenbock 
[5] showed that the connection (4.2) can be represented as the sum 








aT t Phe 4.3) 
where 7 
jh 59 (Gime + Phm,j — Iikm)s 4.4) 
are the Christoffel symbols and 
The = OQ, + o'™ (95M + Sesh) (4.5) 


are the Ricci rotation coefficients [6] for the basis e*,. 
The tensor M7, defined as 


; ; 1. 
Oy, = eet] = 7e ale; = eras (4.6) 


came to be known as the anholonomity object [7], therefore the emergence of 
the geometry of absolute parallelism continued the development of anholonomic 
differential geometry [8]. 

Cartan and Schouten [9, 10], proceeding from the group properties of the 
space of constant curvature, introduced the connection (4.3), in which the com- 
ponents of the Ricci rotation coefficients (4.5) are constants. 

Cartan and Schouten reasoned as follows. Suppose that in a nm - dimensional 
differentiable manifold Mf with the coordinates c1,...,c" we have nm contrava- 
riant vector fields 








an 


é = (cr), (4.7) 


where 
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are vector indices, and 
tg,e...= 1.6 


are coordinate indices. 
Suppose that 


det(€1) # 0 
and that the functions & satisfy the equations 
C404,) — GE ag = OWES, 
where the constants ces have the following properties: 
Cy = -Cyd, (4.3) 
CPRCoE + CPC gy! + CPICYZ = 0. (4.9) 
We can then say that we have an n-parametric simple transitive group (group 
T,,) operating in the manifold such that co are structural constants of the 
group that obey the Jacobi identity (4.9). The vector field & is said to be 
infinitesimal generators of the group. 


Let now the basis ef, defined at each point of the manifold M, meet the 
condition 


det(e?,) #0. 
If we suppose that 
ef (25) = (20), 
where c# are the coordinates of some arbitrary point P, then we have for the 
function e?,(r%) the equations 


| ok | ak wf gk ; 
ee — ee ay = -Cvfe fe (4.10) 


It tollows from the normalization condition tor the basis 


evel = dl, ete, = df, (4.11) 
and from (4.10), that 
wt ; ad 7 wd ob ot 
Coy = 20 en = OO eek: (4.12) 
Comparing (4.8) and (4.6), we see that 
do. 
OF, = aie 


i.e., the components of the anholonomity object of a homogeneous space of 
absolute parallelism are constant. 

It is easily seen that the connection (4.2) possesses a torsion. In our specific 
case 








1. 
k ak k o 
Ata = 87 = Tag = —ZOre- 


Pi 
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It was exactly in this manner that Cartan and Schouten introduced connection 
with torsion [9, 10]. Therefore, the development of the geometry of absolute 
parallelism brought about the emergence of the Riemann-Cartan geometry with 
the connection 





1 
Aust = LV s5% + 5 (Cage _ Chet _ Cris), (4.13) 
where yj, = — EC vik is the torsion of space. 
Further development of the geometry of absolute parallelism in the n-dimensional 
differentiable manifold M with coordinates c*,...,c" (geometries A,) is de- 


acribed in the works of Bortolotti [11-14], Griss [15], Schouten [16, 17], Eisen- 
hart [18] and other authors [19-25]. Specifically Bortolotti [12] was the first to 
point out that the Cartan-Schouten connection and the Weingbock-Vitali (4.2) 
connection is one and the same thing. Besides, Bortolottishowed that the tensor 
(4.1) can be represented as the sum 


PF jem =U jem FAV EE my + Pe fim] = Oy 414) 
where ; ; . 
Bem = Pym yy t Peal pant 4.15) 


is the Riemann tensor, and the quantities Ti, are given by (4.5). 

In 1937 Thomas [20, 21] approached absolute parallelism as parallel displa- 
cement of vectors "in toto,” since the connection of space A, (just as that of 
a flat space #,) is integratble. Therefore, a vector specified at some point A, 
can be specified at any other point of space. Lastly, the works [23-25] give a 
classification of spaces with absolute parallelism. 

Geometry Aq has been first used by Einstein [26] in applications to problems 
of theoretical physics. The scientist made an attempt to combine the equations 
of his theory with the equations of the Maxwell-Lorents electrodynamics [27]. 
We note in passing that within the framework of the geometry of absolute 
parallelism Einstein has written most (all in all 13) works. 

By developing Einstein's program to construct a unified field theory, this 
author came to the conclusion that it is necessary to use the Ay geometry 
as a geometry of space of events in universal relativity theory and the theory 
of physical vacuum. Unlike Einstein and his following, the author employed 
Cartan's structural equations of the geometry of absolute parallelism, which 
are generalizations of Binstein’s vacuum equations Ay, = 0 for the case where 
the energy-momentum tensor on the right-hand side of Binstein’s equations is 
geometric in nature. 

The program of unified field theory put forward by Einstein boils down to 
solving two strategic problems of modern theoretical physics: 

a) the minimum program has it as its goal to geometrige the equations 
of electromagnetic field and to combine them with the equations of Einstein's 
theory of gravitation; 

b) the maximum program is aimed at the search for completely geometrized 
equations of the gravitational and electromagnetic field (including sources), i.e., 
the geometrigation of the fields that form matter. 
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Although much time was devoted to this search (around 30 years), Einstein 
failed to solve the problem in a form acceptable to science. Together with many 
outstanding scientists of the time he wrote a wealth of works relying on various 
geometries. But all of them failed to meet the above requirements (a) and 
(b). Also, it was unclear how to geometrize spin fields (e.g., Dirac’s field) that 
are sources of electromagnetic felds. Wheeler added to the program of unified 
field theory a further point that required a spinor treatment of the equations of 
the unified field. The latter condition can be met in the case where the main 
geometric quantities of the theory are spinors rather than tensors. A spinor 
treatment of classical geometries wae given in the works by Penroge [38, 40, 54], 
which was of much help to me in my constructing a theory of physical vacuum, 
a present-day outgrowth of Binstein’s program of unified field theory. 


Chapter 5 


Geometry of absolute 
parallelism in vector basis 


5.1 Object of anholonomicity. Connection of 
absolute parallelism 


Consider a four-dimensional differentiable manifold with coordinates x* (t = 
0,1,2,3) such that at each point of the manifold we have a vector e7, (4 = 


0,1,2,3) and a covector ef, (b= 0,1,2,3) with the normalization conditions 





eel = 62, ete, = Of. (5.1) 
For arbitrary coordinate transformations 


7 act k 
dx' = aur (5.2) 
in coordinate index : the tetrad e%; transforms as a vector 
art 
a (5.3) 


n= Fares 


In the process, in the tetrad index a relative to the transformations (5.2) it 
behaves as a scalar. 
Tetrad ¢°, defines the metric tensor of a space of absolute parallelism 


Git = HapercS es Nab = nee = diag(1 -l-1- 1) (5.4) 
and the Riemannian metric 
ds* = gi,dv'de*. (5.5) 


Using the tensor (5.4) and the normal rule [29], we can construct the Christof 


fel symbols 
i 1 im 
Phy = af (Gj m,k + Fhrayy — Gjkym) (5.6) 


13 
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that transform following a nontensor law of transformation [29] 


Gaek gg art ari ack , 


wo a pe 
Py Bet! ei Bek + At! Aes! Ark ji (5.7) 


with respect to the coordinate transformations (5.2). In the relationship ($.6) 
and farther on we will denote the partial derivative with respect to the coordi- 


nates c* as 3 
k= —. 5.8 
, Ax, (5.8) 


Differentiating the arbitrary vector e7, gives 





a Ox? a 
e iy = Bar® inft (5.9) 


Applying the differentiation operation (5.9) to the relationship (4.3) gives 





; ant Ari ert 7 

eed = Bar agi * ij Saran)” t (5.10) 

Alternating the indices :? and 3’ and subtracting from (5.10) the resultant 
expression, we have 


ax Gxt 
en — ye = (84s Car aT 
Considering (5.3), we can rewrite this relationship in the form 


i i aek 
e® (e%, a e* (e", ;- @", Se Oe! Oe 
ane thy By ay tyF DV Get agi ack” 





By definition, the differential 
ds* = e%-dx' (5.11) 
is sald to be complete, if the following relationship holds: 


ee =O. (5.12) 





Otherwise, for e*; ,—e*, ,# 0, the differential (5.11) is not integrable (equal- 
ity (5.12) is the condition of integration for the relationship (5.11)). 
We will introduce the following geometric object [30] 


: : a 1 : a a 
Qe, = 2 68k 3] = xe al? ng 7 e ik! (5.13) 


with a tensor law of transformation relative to the coordinate transformations 


(5.2) 


. on? Ant art 
Qe = ft 


it3gT Oa Ont (5-14) 
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Clearly, if the condition (5.12) is met, this object vanishes. In that case, 
tetrad e°, is holonomic and the metric (6.5) characterizes holonomic differential 
geometry. If the object (5.13) is nonzero, we deal with anholonomic differential 
geometry, and the object (5.13) itself is called an object of anholonomicity. 

We will rewrite the relationship (5.10) in the following manner: 














e% “4 = Oe oa ae! On) oy -_= 
va Gx" Ont ' axl agi ti 
20 i ' 
- (saurt pga) 6.15) 
where we have introduced the notation 
Al, = ee, ; (5.16) 


and used the orthogonality condition (5.1). 
It is seen from the relationships (5.15 ) that the object Af. gets transformed 
relative to the transformations (5.2) as the connection 
' ark agk act Aci ar* 
A‘ SS OT ssa Sy 5.17 
“Po ag ari! ark + Gc" Gri" ar* (3.17) 
The connection of a space given by (5.16) is called the connection of absolute 
paralleligm [31]. 
Interchanging in (5.17) the indices ¢ and 7 gives 


Gapk  agk art Ori ac 


Aba = — Ss t+ SO Se > 5.18 
“ @n2'@n" Ack © Axl ac" art (8-18) 
Subtracting (5.18) from (5.17) gives 
Ox! Axi ax 
k 
Aten = a7 aa" Oa Slit (8-19) 


It follows from the relationships (6.16) and (5.13) that the connection of 
absolute parallelism features the torsion 


Afa = -O25, (5.20) 


defined by the object of anholonomity. 


5.2 Covariant differentiation in Ay geometry. Ricci 


rotation coefficients 


The definition of the covariant derivative with respect to the connection of the 
geometry of absolute parallelism (A, geometry) AS , om a tensor of arbitrary 
valence Ut? has the form 


Vi Ui? = UN rant BU Pot... FAP, 


Oe AU, ey 
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This definition enables some quite useful relationships in Ag geometry to be 
proved. 


Proposition &.1. Parallel displacement of the tetrad e%, relative to the 
connection A‘, equals zero identically. 
Proof. From the definition (5.21) we have the following equalities: 


Vee gaa yy t Mine (5.22) 
es . 
Vee; =e"; — Ape’. (5.23) 
Since the connection A‘, is defined as 
Ab, = e464, (5.24) 


we have 
Ce 5 x _ Abr =U. 
Multiplying this equality by e9, and taking into consideration the orthogo- 
nality conditions (5.1), we get 


et = 0. (5.25) 


* 
a _ a _ 
Ve Cp = Oye A; 


To prove that the relationship (5.22) is zero, we will take a derivative of the 
convolution e%,e', = 6¢ 


(Sy)e = (7 2a),e = 
Hence, by (5.24), we have 


| 
o, 


t= ee an (5.26) 
or 
ene ak + Abe = a. 
Multiplying this relationship by e?, and using the conditions ee" = 5, we 
have 
Vie Og = ean t Abye’g = 0. (5.27) 
Proposition 5.2. Connection A‘, can be represented as the sum 





where lr, are the Christoffel symbols given by the relationship (5.6), and 
Thy = Op + g(a QA, + Fee O5%)) (5.29) 


are the Ricci rotation coefficients [30]. 
Proof. Let us represent the connection (5.28) as the sum of parts symmetrical 
and skew-symmetrical in indices 7,* 


Aje = Aga + Abu (5.30) 
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where 7 7 
Ate = 5 (An +A, Atay = 5 Abn — Aj,)- 


We now add to and subtract from the right-hand side of (5.30) the same ex- 
pression 





Aba = Atjay + Atpag t 9°92 Aten + Fhs Abin) - 


im ‘ 3 5.31 
g (93s Aten] + Shs AT jm) ( ) 
We then group the terms on the right-hand side of (6.31) as follows: 
yk = Ai je ~ GO js Air] + Sis AF im]) + 
+ Aly + FG 5s Aber] + Ghs Al jm) (5.32) 
bince 
Alig = — 8h 
it follows from (6.32) and (6.29) that 
Ab, = Al sn - gj aA rion] + Ors Aly my) + Pye (5.33) 
We now show that 
Pn = Any G(s Alon] + ks Aimy): (5.34) 
Actually, we have the relationships 
i i a 1 i a a 
Aija = 8 a%G,m) = 2° al@%j,n +e, 5)s 
i i 4a 1 i a a 
Aljay = © a€[je] = 7% al Oye ~ C875 
Ijs = Nabe jess (5.35) 


therefore (5.34) become 
ry = a eCj + gabe seh, 2 + TadeE etm, i) = 
= sr naciel (neta t neta) + 
+ 


1. 
3o" (nav(e7je m,k ~ een) + Marl eZe m,j ~ ete an) . 


Regrouping the terms here gives 
i 1 tm q a a 
ye = 39 (nave se mm ok + (navenern sj ~ (are iO ym) . 


Hence, by (5.35), we obtain 


i 1 im 
Pry = af (Gj m,k + Phy _ Gjkym)s (5.36) 
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or 


1 tm 
go (im + Sem j — Fieem) = 
Substituting (6.37) into (5.33), we get the relationship (5.28). 


Proposition 5.3. The Ricci rotation coefficients Ti, can be represented 
in the form 
Pry = Viney, (5.38) 


= ej Vaelgy (5.39) 





— 


where V; stands for a covariant derivative with respect to the Christoffe 
symbols. 

Proof. We will represent in the relationships (5.25) and (5.27) the connection 
Aj, 48 the sum (5.28) 


: 
rey 


* - - 
qa dq t qa t dq 7 7 
Vee, =e"), —Thye% — Pype4 = 9, (5.40) 


Vi eo = ek + Ti ,e4, + T},e? =0 (5.41) 
Since, by definition [29], we can write 


a _ 4a i 4a 
Vie p= Ope -T5.¢ bs 


Vie", = ele + M,e,, 
then (6.40) and (5.41) can be written as 
Vue", — Ti,e%, = 9, (5.42) 


Vieiat Pipe? = 0. (5.43) 


Multiplying (5.42) by et, and (5.43) by e*,, respectively, we will obtain 
(using the orthogonality conditions ($.1)), by (5.42), (6.43), the relationships 
(5.38) and (5.39). 


We will now calculate the covariant derivative Ve with respect to the metric 
tensor g/™, knowing that g?” — tbe? en 


b 
Ve ge =Va pet ey HV yp eres = 
* . . co 
=e" Vy, ef, +e, Vie’. 


From the relationships (6.25) and (6.27), we have 


ve" = 0. (5.44) 
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On the other hand, applying the formula (5.21) to the relationship (5.44), 
we find that 


Deg of + ahh agai. (48) 


pubstituting the connection A‘, as the sum (5.28), we will write the rela- 
tionship (5.45) in the form 


Ve gi™ = Vigi™ + Ti.gP™ +797? = 0. (5.46) 
From the equality 
Vig = ai +P +E oF 0, (4 
we have, by (5.46), 
Tig?" + Pig? = Ti" 42 = 0. 


This equality establishes the following symmetry properties for the Ricci rota- 
tion coefficients: 
Pmt = —Pinjk- (5.48) 


Therefore, in the Aq geometry the Ricci rotation coefficients have 24 indepen- 
dent components. 


5.3 Curvature tensor of Ay space 


The curvature tensor of the space of absolute parallelism Shim is defined in 
terms of the connection A‘, following a conventional rule [13] 


where the parentheses [ ] signify alternation in appropriate indices, whereas the 
index within the vertical lines | | is not subject to alternation. 





Proposition 5.4. The Riernann-Christoffel tensor of a space with the 
connection (6.26) equals zero identically. 
Proof. From the relationship (6.26) we have 


e7,, = Abe: (5.50) 





Differentiating the relationship (5.50) with respect to m gives 


a _ + aa _ t a a + 

e pike (Ajne dem _— Abe me it Oye peo 
_ i i 4a a a i i a a 
_ (Aba +é afs,mAzR Je i (Aba + Ai mAzEE i 


Alternating this relationship in indices k and m we get 


265 tem] = 2CAjtn + 2A AT my) = SM jemee (5.51) 
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mince the operation of differentiating with respect to indices & and m is 
symmetrical, we have 





CF,Ekym] = 94 
From this equality, considering that ¢%, in (6.51) is arbitrary, we will get 
Ss, 


jnm = 0. (5.52) 


Proposition 5.5. Tensor Say can be represented as the sum 


mm 
Sem = jim + AV EL i gy + Pel iim] = Os (5.53) 
where 
RB ym = Vong + Pil lip] (5.54) 


ig the tensor of the Riemannian space Ag. 
Proof. Substituting the sum At, =P', + Tj, into (5.49) gives 


BM jm = AV spay F APL Tm] + 22 item yay + PSP || omy + 
AP SV jim] + 20S pe Pim] = O- (5.55) 
Using (5.54), we will write (5.55) as follows: 
SB jtm = FR jim + 22 ira + BP seP 5m] + 
+ 2D Elst] + 20 oP jm = 2- (5.56) 


If now we add to the right-hand side of this relationship the expression 


—W hrm Pi; = 9, 
and take into consideration that [29] 
ViVi? = UI? ET Ue? + FTP, 
Pie U ik — TU, (5.57) 


we will obtain from (5.56) the equality (5.53). 
Let us now rewrite the relationship (5.53) as 


BE jm = ~22 hte ~ 22 oP i any: (5.53) 
Substituting here (5.38) and (5.39) 
Ti, =e Vue), Ti, = —29; Vala, 


we obtain 
—2P ihm k] = — 26" VV mye 3 _ 2V cee jal ¥ me ys 


— 222 lim] = 26° Vineiae al ¥ me 5 = 20 Kea) ¥ m)e 5: 
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Therefore, it follows from the relationships (5.58) that 
BP jie = — 26 VieV mye; = Ze Vin Viaye’;- (5.59) 


Proposition 5.6. The torsion field Qe; of the Aq space satisfies the 
equations 


Vo, M7) + WE MA, = 0. (5.60) 
Proof. Alternating the expression (5.49) in indices 7,k,m and using the rela 
tionship Aly = = -O, we get 


Shen) = 2% ng + PAL My = 0. (5.61) 


If then we add and subtract here the quantity 
2A Shay + 2A Liem 87, 


pls} 


we will have 
286 nig + 2AS EM — ZAfe Qj ny — ZAbem Mis + 


2A TiS lan] + 2A Tem Pye = 0. 


jm] 


Using the formula (5.21), we can rewrite this relationship as follows: 


2 VE Fy — 20 my — 2M OFS = 


(5.62) 
= 2 Vy Oy + EM. = 
whence we have (5.60). 


Proposition 5.7. The Riemann tensor Fy, 
the equality 


of the Ay space satisfies 


TA 


Bistm] = 0- (5.63) 
Proof. Alternating the relationship (5.54) in indices j,k,m and using the equal- 


ity 
Pig = 25 
we have 
Rijn) = 2V (2 Qjnej + 2S Qin: 
If in the right-hand side of the equality we add and subtract the quantity 


27 Mohn] + 2D fem O54} 





| ra] [eva p]at 
we obtain 
Resim] = 20am + Pm ~ QFE, Qin) — 22 fem Bhs + 
$27 Qi ay + Tei iy = 2 Vpe Why — WED - 


— 20, Os, — 32 Vie os + aie Q-%, = 0, 
which proves the validity of the relationship (5.63). 
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5.4 Formalism of external forms and the 
matrix treatment of Cartan’s structural 
equations of the absolute parallelism 
geometry 





Consider the differentials 





dct = ete, 5.64) 
de, = A%e",, 5.65) 
where 
et = etdr', 5.66) 
A4, = e4-de', = A4,dr* 5.67) 


are differential l-forms of tetrad e*, and connection of absolute parallelism A%,. 
Differentiating the relationships (5.64), (5.65) externally [31], we have, respec- 
tively, 








d(dr') =(de* -— e AA )e', = —S%e',, (5.68) 
d(de',) = (dA’, — A®, A Ab Jet, = —5? e's. (5.69) 
Here S$ denotes the 2-form of Cartanian torsion [31], and $*, - the 2-form 
of the curvature tensor. The sign A signifies external product, e.g, 
eve = ete? — ee. (5.70) 
By definition, a space has a geometry of absolute parallelism, if the 2-form 


of Cartanian torsion S° and the 2-form of the Riemann-Christoffel curvature 
S* of this space vanishe 





$7 = 0, (5.71) 
so =o. (5.72) 


At the same time, these equalities are the integration conditions for the 
fferentials (5.64) and (5.65). 
Equations 





di 


an 


de? —e° AAS = —S°, (5.73) 
dA’ - A‘ AA’ =-5s? (5.74) 


qi 


which follow from (5.68) and (5.69), are Cartan’s structural equations for an 
appropriate geometry. For the geometry of absolute parallelism hold the condi- 
tions (6.71) and (5.72), therefore Cartan’s structural equations for A, geometry 
have the form 

dete AAS =0, (5.78) 


dA’, - AT, AAP = 0. (5.76) 
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Considering (5.28), we will represent l-form A‘, as the sum 
A’, =91',4+T4. (5.77) 
Substituting this relationship into (5.75) and noting that 
AAT =e ATS, 
we get the first of Cartan's structural equations for Aq space. 
det? ef ATT =0. (A) 


Substituting (5.77) into (6.76) gives the second of Cartan's equations for Ag 
space. 
Ai+edP4-TEATL =34, (B) 


where A%, is the 2-form of the Riemann tensor 
A, = a0, -P*, ATS. (5.78) 
By definition [31], we always have the relationships 
dd(dx') = 0, (5.79) 
dd(de',) = 0. (5.80) 


In the geometry of absolute parallelism these equalities become 


d(de* —@ ATI) = Rye Nel Net =O, (5.81) 
d(R4,4 024 -T,AT*) =aRy 4+ RL ATY -TiA RY, =0. (5.82) 
Here 
a _ a a b 
Bega = 2B a — AP aE eta: 


Equalities (6.81) and (5.82) represent the first and second of Bianchi’s iden- 
tities, respectively, for Ag space. Dropping the indices, we can write Cartan’s 
structural equations and Bianchi’s identities for the Ag geometry as 


de-e AT =O, (A) 
R+df -TAT—=O, (B) 


RAeNeNe=O, (C) 
qdR+RAT-TAR=0. (D) 





Proposition 5.8. The matrix treatment of the first of Cartan's struc- 
tural equations (A) of the Ay geometry has the form 


b - 
Vine on] —€ tee blr] =U. (5.83) 
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Proof. Let us write equations (A) as 
de? -—e ATT=0. (5.84) 
Further, by (5.66), we have 
de’ = d(e*,,dz™) = Vze%,,d0" Adx™ = =(Vie'n — Viet, )ac® Ade™ 
and, alsa, 
Paty =e P34 det Adc™ = (aT Gn —e Ta dct A de™. 


Substituting these relationships into equations (6.84) we will derive the mat- 
rix equations in the form 


a b a r 
Vine my — © tee jm = Os (A) 
where the matrixes e7,, and 74, in world indices t,j,m,... are transformed as 
vectors 3 
a 2” a 
e ml = ay! e vAD (5.85) 
on™ 
r bent apne bens (5.86) 
and in the matrix indices a,,c,...they are transformed as follows: 
et = An? e%, (5.87) 
Ty HASTE Ady FAGAY p (5.88) 


In relationships (5.87) and (5.88) the matrices Ax™ /Ox™ form a translation 
group 7, that is defined on a manifold of world coordinates zt. On the other 
hand, the matrices A*, form a group of four-dimensional rotations O(3.1) 


Ac € O(3.1), 


defined on the manifold of "angular coordinates” e* ;. Actually, the tetrad e% ; 
is 4 mathematical image of an arbitrarily accelerated four-dimensional reference 
frame. Such a frame has ten degrees of freedom: four translational ones con- 
nected with the motion of its origin, and six angular ones describing variations 
of ite orientation. The six independent components of the tetrad e* ; represent 
six direction cosines of six independent angles defining the orientation of the 
tetrad in space. 


Proposition 5.9. The matrix rendering of the second of Cartan’s struc- 
turing equations (B) of the A, geometry has the form 


FB + 24 AL ble] + Pee lm] = a. (5.89) 
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Proof. We will expand the 2-form A" as 
RY, = FR eae! Ae = SR ind! Adx™. 
Further, we have 
aT 4 = d(T 4,42") = ViP4,,¢0*° Adc™ = 
a(ViT Sn —VnF 4, )de* Adr™, 
and also 
T2AT, =T°,7T4 de’ Ade™ = 
= =(PxP im —PinP iy, )de® Ade™. 
Let us substitute the relationships (5.92)-(5.94) into 
AY 44h, -TEAPTI=a0. 


Simple transformations yield 


1 
5 bm + ViPGm — VinP Get Pen im — Pim iy lde® A do™ 


Since here the factor dr* Adc™ is arbitrary, we have 
Bem + Vil in ~ Vial dy + Pal bm ~ PE ck =U, 


which is equivalent to the equations (5.89). 
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(5.90) 


(5.91) 


(5.92) 


=U, 


Proposition 5.10. The matrix form of the Bianchi identity (D) of Ag 


geometry is 
V ntti lee] + yum? Jeln] ~ Pine eter] =U. 





(5.93) 


Proof. The external differential dA", in the identities (PD) has the 2-form 


1 
dR, = 5V aR yam de” A dz* Adr™ = 
1 
= =(V R42. + Vin, + Veh. 0" Adr® Adr™. 
6 bkera bien bran 
In addition, we have 
1 
RU ATY = SRP pnd! Ade™ A de® = 


1 
= (Rim T pnt Rivne l pm t Rmal alee! A ds™ Ade”, 


1 
TLAR, = 5 Pin pam dn” Adx* Adc™ = 


1 
= a (PER fim + PA Rap tPA pmn ide” Adct Adn™. 


(5.94) 


(5.95) 


(5.96) 
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Substituting relationships (5.94)-(5.96) into the identity 
dR, + RAAT -TLA KR, =0 
and considering that de® Ad* Adx™ is arbitrary, we get 


Vinee tm + Vim en + VE inn + Ram? Fn + BAP sm + 
+B nal bn ~ T4 R em ~ Py Et pa ~ Th mn = Q, 


which is equivalent to the identity (5.93). 
The first of Bianchi’s identities (C’) of Ay geometry in indices of the group 
O(3.1) is written as 
Red] = a, (5.97) 


or, which is the same, as 
# wd wd oea a 
Vo Qa + 20 Ray =U. (5.98) 


5.5 A4 geometry as a group manifold. 
Killing-Cartan metric 


The matrix representation of Cartan’s structural equations of the geometry 
of absolute parallelism indicates that, in fact, this space behaves as a manifold, 
on which the translations group T4 and the rotations group O(3.1) are specified. 
We will consider Ay geometry as a group 10-dimensional manifold formed by 
four translational coordinates z; (1 = 0,1,2,3) and six (by the relationship 
e%;e7, = 4,7) angular coordinates ¢%; (@ = 0,1,2,3). Suppose that on this 
manifold a group of four-dimensional translations Ff, and a rotations group 


O(3.1) are defined. We then introduce the Hayashi invariant derivative [32] 
Vi = ean, (5.99) 


whose components are generators of the translations group T4 that is specified 
on the manifold of translational coordinates +;. If then we represent as a sum 


e& = 6h 4 gh, (5.100) 
ij,k-..=0,1,2,3, @,b,¢,...=0,1,2,3, 


then the field a*, can be viewed as the potential of the gauge field of the trans- 
lations group T4 [32]. In the case where a", = 0, the generators (5.99) coincide 
with the generators of the translations group of the pseudo-Euclidean space By 


We know already that in the coordinate index & the nonholonomic tetrad 
e* transforms as the vector 
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whence, by (5.100), we have the law of transformation for the field at relative 
to the translationss 


i i 
» «OF | ax 
oo gga tot ax 


We define the tetrad e', as 





7 oe (5.101) 


ej = Var (5.102) 
and write the commutational relationships for the generators (5.99) as 
Via = -O55¥., (5.103) 


where —O¢ are the structural functions for the translations group of the space Ay. 
If then we apply the operator (6.103) to the manifold x‘, we will arrive at the 
structural equations of the group 74 of the space Ay as 


ViaVye = —O5f Vee" (5.104) 
or 
Val a = -hye".. (5.105) 
In this relationship the structural functions —ff are defined as 
-O2f = 2° Vegeta. (5.106) 


It is seen from this equality that when the potentials of the gauge field of 
translations group af in the relationship (5.100) vanish, eo do the structural 
functions (5.106). Therefore, we will refer to the field Qf as the gauge field of 
the translations group. 
Considering that Peat] = -f-7, we will rewrite the structural equations 
(5.106) as 
Vene mn ~ tL fol] = 9: (5.107) 


It is easily seen that the equations (5.107) can be derived by alternating 
the equations (6.42). What is more, they coincide with the structural Cartan 
equations (A) of the geometry of absolute parallelism. 

The structural equations of group 74, written as (6.106), can be regarded 
as a definition for the torsion of space Aq. So the torsion of space Aq coincides 
with the structural function of the translations group of this space, such that 
the structural functions obey the generalized Jacobi identity 


Vo Mh + OG = 0, (5.108) 


where Vi is the covariant derivative with respect to the connection of absolute 
parallelism A?,. Comparing the identity (6.108) with the Bianchi identity (5.98) 
of the geometry Ag, we see that we deal with the same identity. The Jacobi 
identity (5.108), which is obeyed by the structural functions of the translations 
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group of geometry Aq, coincides with the first Bianchi identity of the geometry 
of absolute parallelism . 
The vectors 
= Var", (5.109) 
that form the vector stratification [31] of the Ag geometry, point along the 
tangents to each point of the manifold x* of the pseudo-Buclidean plane with 
the metric tensor 
nop = 7°? = diag(1, -1, -1, -1). (5.110) 


Therefore, the ten-dimensional manifold (four translational coordinates a 
and six “rotational” coordinates e',) of the geometry of absolute parallelism 
can be regarded as the stratification with the coordinates of the base 2 and 
the (anholonomic) “coordinates” of the fibre e'.. If on the base ct we have the 
translations group T4, then in the fibre e', we have the rotation group O(3.1). 
It follows from (5.109) that the infinitesimal translations in the base x‘ in the 
direction a are given by the vector 


ds? = et.de'. (5.111) 


If from (5.111) and the covariant vector ds, = e', dx; we form the invariant 
convolution ds*, we will obtain the Riernannian metric of Aq space 


ds* = gade'ds* (5.112) 


with the metric tensor 
gik = Nare%e,. 

Therefore, the Riemannian metric (6.112) can be viewed as the metric de- 
fined on the translations group Ty. 

Since in the fibre we have the "angular coordinates” e*, that form a manifold 
in which group O(3.1)is defined, then it would be natural to define the structural 
equations for this group, as well as the metric specified on the group O(3.1). 

Let us rewrite the relationships (5.38) and (5.39) in matrix form 


T4,= eT ye, = Verses, (5.113) 

Tay = eo Pine, = -e" Vre',. (5.114) 

These relationships enable the dependence between the infinitesimal rotation 
ay¥qp = —d¥eq of the vector e%; at infinitesimal translations ds, to be established. 


In fact, by ($.113) and (6.114), we have 
dy, = F4,dr* = De*,e',, (5.115) 
dy’, = Ta de® = —e7,De',. (5.116) 


where D is the absolute differential [29] with respect to the Christoffel symbols 
I. Using (5.115), we can form the invariant quadratic form dr? = dxt,dx?, 
to arrive at the Killing-Cartan metric 











dr? = dy',dy’, = 74,7? de de” = —De*.De', (5.117) 
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with the metric tensor 
Hi, =T4,7’,- (5.118) 


Unlike metric (5.112), the metric (5.117) is specified on the rotations group 
O(3.1) that acts on the manifold of the "rotational coordinates” e%.. 
Let us now introduce the covariant derivative 


* 


Vin= Vint Pras (5.119) 


where T,, is the matrix T4,, with discarded matrix indices. We will regard 
the components of the derivative as generators of the rotations group O(3.1). 
Applying this operator to the tetrad et that forms the manifold of "angular 
coordinates” of the Ay geometry, we will arrive at 








Vn ei = Veit Pme! =O, (5.120) 


hence 
Tm = —@;Vine'- (5.121) 


It is interesting to note that, just as in (6.109) we have defined six "angular 
coordinates” e', through the four translational coordinates x’, so in (6.121) we 
can define 24 "supercoordinates” 74 through the six coordinates e*,. 

It follows from (5.120) that 


Vine = —Tre’. (5.122) 


Recall that in the relationships (5.120)}-(5.122) we have defined through V,, 
the covariant derivative with respect to [t,. We will now take the covariant 
derivative V, of the relationships (5.122) 


Vie = —VilPme') = —(VaPme! + Pin Vue) = 
= ~(Vibme' t+ PmetiesV ye"). 


Using (5.121), we will rewrite this expression as follows 
Vine = —-(Valm — Tm ye 


Alternating this expression in the indices & and m gives 
‘ 1 ‘ 
Vin V me = gitime } (5.123) 


where 
Bem = 2V tmnt &y + [Pons T;]. (5.124) 


Introducing in equations (5.124) the matrix indices (the fibre indices), we 
will obtain the structural equation of the group O(3.1) 


By tm = 2¥ nl epg + 2P ciel ejay: (B) 
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It is easily seen that the structural equations of the rotations group (B) coincide 
with the second of Cartan’s structural equations (5.124) of the geometry Ag. 
In this case the quantities 4, and A%,,,, vary in the rotations group O(3.1) 
following the law 
T4y = AST Hy At FAG AS ns (5.125) 
and appear as the potentials of the gauge field AY, of the rotations group 
O(3.1). In the process, the gauge field of the group O(3.1) obeys the formula 


FB tea = A, FR, Ab (5.126) 


Note that the structural functions of the rotations group of Aq geometry are 
the components of the curvature tensor A%,,. It can be shown that the struc- 
tural functions #%,, of the rotations group O(3.1) satisfy the Jacobi identity 


Vn alee] + FB ytem! jeln] ~ Pande elem] = 0, (D) 


which, at it was shown in the previous section, are at the same time the second 
Bianchi identities of the Ag space. 
Let us introduce the dual Riemann tensor 


+ 1 : 
Aijtm= ee if 


5 em (5.127) 


tjapy 
where "is the completely skew-symmetrical Levi-Chivita tensor. Then the 
equations (D) can be written as 
* b # k * k ~ 
VaR + RT, - Th, Rook =0 (5.128) 
or, if we drop the matrix indices, as 


V,R@4R'?,-7T,R =0. 5.129 
An + nm nm 


5.6 Structural equations of Ay geometry in the 
form of expanded, completely geometrized 
Einstein- Yang-Mills set of equations 


Einstein believed that one of the main problems of the unified field theory 
was the geometrization of the energy-momentum tensor of matter on the right- 
hand side of his equations. This problem can be solved if we use as the space of 
events the geometry of absolute parallelism and the structural Cartan equations 
for this geometry. 

In fact, folding the equations (B), written as 


BP ym + AVL yt 222 im] = 9 (5.130) 
in indicesi and k, gives 


Fj m = —2V Phi on] _ 222 iim) (5.131) 


5.6. STRUCTURAL BQUATIONS. .. 31 


If then we fold the equations (5.131) with the metric tensor gi, we have 
f= Hg OV EE an] + 2P Lm): (5.132) 
Forming, using (6.131) and (5.132), the Einstein tensor 
1 
Fim = Fj m _ fink, 
we obtain the equations 
1 
Rim - Gfinti= UP jay (5.133) 


which are similar to Einstein’s equations, but with the geometrigzed right-hand 
side defined as 


Pim = ~= ACV gE ijt + PP jm) ~ 
= 5959? VE pin + PP pint (5.134) 
Using the notation 
Pim = (VpP ptm +P spcP sm) 
then, by (5.134), we have 


2 1 
Pin = ~ 7 Pim ~ sing? Pon). (5.135) 


Tensor (5.135) has parts that are both symmetrical and skew-symmetrical 
in indices 7 and m, 1.e., 


Tim = Pim) + Ph jm): (5.136) 


The left-hand side of the equations (5.133) is always symmetrical in indices 
jand rm, therefore these equations can be written as 


1 
Bim — 5Fimkt = VT jm); (5.137) 
1 t 3 ~ 
Prim) = F(-Vity, — Vin Aj — AQ) = 9, (5.138) 
where 
A; =T),. (5.139) 


Relationship (5.138) can be taken to be the equations obeyed by the torsion 
fields 27,, which form the energy-momentum tensor (5.135). 
In the case where the field P}, is skew-syrmmetrical in all the three indices, 


we get 





P ijn = —Tyiy = Pha = —Oije. (5.140) 
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For such fields the equations (5.138) become simple, namely 
Vay, =o. (5.141) 


The energy-momentum tensor (5.135) is symmetrical in indices j,m and 
appears to be given by 


1 i pes 1 igs 
Pim = (Mem Oi — 595m M7257 ). (5.142) 
By (5.137), we have 
1 1 
Vim = —(Rin ~ 54inf) (5.148) 


Using (5.131), (5.140) and (5.142) gives 


Bim = hn Ae (5.144) 
R= gi Oy Os = WO, (5.145) 


Substituting (6.144) and (6.145) into (5.143), we arrive at the energy-momentum 
tensor (5.142). 
Through the field (5.140) we can define the pseudo-vector h,, a8 follows 


gee _ gem p Qi5k = Eijhm hm, (5.146) 


where €:;pm 18 the fully skew-symmetrical Levi-Chivita symbol. 
In terms of the pseudo-vector A, we can write the tensor (5.142) as follows 


Pim = (hiyltn - sinhihi). (5.147) 
Substituting the relationships (6.146) into (5.141), we get 
hinj — Bim = 0. (5.148) 
These equations have two solutions: the trivial one, where 4, = 0, and 


hm = Pyms (5.149) 


where W is a pseudo-scalar. 
Writing the energy-momentum tensor (5.148) in terms of this pseudo-scalar, 
we will have 


Pim = ~(W,j0ym ~ stint) (5.150) 


Tensor (5.150) is the energy-momentum tensor of a pseudo-scalar field. 
Let us now decompose the Riemann tensor Ajjzm into irreducible parts 


1 
Fy jum = Cijtm + Getidtnyy + $jpeftmyy + 3 tim I 433 (5.151) 
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where Cyjem is the Weyl tensor; the second and third terms are the traceless 
part of the Ricci tensor A;,, and # is its trace. 
Using the equations (5.133), written as 


1 
Rym = (7. - tin?) ; (5.152) 
we will rewrite the relationship (6.151) as 


1 
Bijem = Crjhm + 2¥ gpasl jm] - gee itm Ils (5.153) 


where F is the tensor trace (5.135). 
Now we introduce the tensor current 


Fijem = 29 (KP j\m) =P 9xtmu (5.154) 
and represent the tensor (5.153) as the sum 
Rijtm = Cijtm + Sijem: (5.155) 
Substituting this relationship into the equations (5.130), we will arrive at 


CO rjtm + 2¥ pel’ i j]en] + 22 5562 | jon] = —UT fhm: (5.156) 

Equations (6.156) are the Yang-Mills equations with a geometrized source, 

which is defined by the relationship (5.154). In equations (5.156) for the Yang- 

Mills field we have the Weyl tensor Cyjz.,, and the potentials of the Yang-Mills 
field are the Ricci rotation coefficients T},. 

We now substitute the relationship (5.155) into the second Bianchi identities 


(DP) 


Vindtlijem] + Ripe 2 isin] — Pipe Atlis|em] = 9. (5.157) 
We thus arrive at the equations of motion 
VnClijlem|] + Cjtem 2 isin] — PjtaC islam] = —Y I nijkm (5.158) 


tor the Yang-Mills field Cyjz, such that the source Jayjzm in them is given in 
terms of the current (5.154) as follows: 


Fnijkm = Vind ijiere] + F item Pisin] — Pj[a Aliso): (5.159) 


Using the geometrized Einstein equations (6.133) and the Yang-Mills equa- 
tions (6.156), we can represent the structural Cartan equations (A) and (B) as 
an extended set of Einstein- Yang-Mills equations 


Vine + Pinyes = 9 (A) 
Bjm — $Gimit = UP im (B.1) (5.160) 
(B.2) 


: 
jkm} 





Chem FV OE id tL my = YS 
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in which the geometrized sources Pjm and Jijpm are given by (6.135) and (6.154). 
For the case of Einstein's vacuum the equations (5.160) are much simpler 


Vines + Thee’ =, (4) 
Rjm =, (#2) (5.161) 


CO jem + AVP img + AP se F lim = OY) 





The equations of motion (6.158) for the Yang-Mills field Cyjzm will then 
become 


VinC jfk] + Clpem 2 isin) — Fyn Cis lemy = U- (5.162) 
Equations (A) and (8.2) can be written in matrix form 
a b a iy 
Vem] ~ 2 TE bly = 9s (A) 
O's. F2V EL Gojmny + 22 42 fy] = YT em (B.2) 
where the current 
a qa 1 qa 
bem = 290 ¢¢ Doyen] - ge FL Fas (5.163) 
is given by 
1 1 
T*= mcd - 5 mit); (B.1) 


m=0,1,2,3, ¢@=0,1,2,3. 


1 a1 1 


By writing the equations (5.158) in matrix form, we have 


Vn a lem] + CO tame eln] ~ Pyne a lern] = US sees (5.164) 
where 
Feybim = Vint lem + FP oteon Fetal — 2 ota 4 cleo]: (5.165) 
Dropping the matrix indices in the matrix equations, we have 
Vem) — &e Pm] = 9, (A) 
Cham + 20 Pn] - [Pr Lm] = —-Vdim, (B.2) 
vic ™+[e" PJ=-v F*, (D) 


where the dual matrices C en and 7 are given by 
C bn ch IC.., 
pork a enki y (5.166) 


pra(v, 7 4[7**,2, Jp. (5.167) 
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For the Einstein vacuum we have 





Fijhm Ciyhm ijkm Ciyhkms (5.168) 





therefore the equations (B.2) and (D) become simpler 
Cm + 20 yl a] - [Pe 2 mn] =U, (B.2) 


V,Ch + [C' 7] =0. (D) 


Using the formalism of external differential forms, we can write the structural 
equations (A) and (8.2) as follows: 





de*-e ATS =O, (A) 
C7 44dP4-Tl APS =-vd%, (B.2) 
and the equations (D) as 
dO4 + C%, ATL -TLAC = -vN4, (D) 
where 
NY = dF 4 IATL -TL AT. (5.169) 


Thus, the structural equations of Ay geometry, written as (5.160), represent 
an extended set of Einstein-Yang-Mills equations with the gauge translations 
group 74 defined on the base c' with the structural equations (A), and with 
the gauge rotations group O(3.1), defined in the fibre e*, with the structural 
equations in the form of the geometrigzed equations (B.1) and (B.2). 


5.7 Equations of geodesics of A, spaces 


The equations of geodesics for the geometry of absolute parallelism can be 
obtained from the conditions of parallel vector displacement 


.  dxt 
‘= — 5.170 
7s (5.170) 
with respect to the connection of Ay geometry 
HTS tT, = eee (5.171) 


In fact, we specialize the tetrad eo so that the vector ey would coincide 
with the tangent to the world ling, 1.e., 


. . det 
=u = —. 5.172 
Fo u ds ( } 
From the relationships (5.27) for the vector (6.172) we have 


View = uy, + At, = 0 (5.173) 
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or : 
aut — — 
Sa thu! + Tiyul = 0. (5.174) 


Multiplying this by u* = dx* /ds gives 





“ +Ti,wu' + Piulu® = 0 (5.175) 
$ 


or, by (5.170), 
d?@xt  _. dri dx* , dct dx 
dst TIF ds ds ‘IF ds ds 
These four equations (: = 0,1,2,3) are the equations of geodesics of Ay space. 
They are also the equations of motion for the origin O of tetrad e',. Since in 
the equations (5.176) the Ricci rotation coefficients Ti, have both symmetrical 
and skew-symmoetrical parts in indices 7 and & 


=0. (5.176) 


Pye = Piya t Pog = 





= = 25, + 9° ( Gj + Iie M), (5.177) 
Bia = 9 (Gi Mim + Pee Oe; (5.178) 
Thay = - 2s (5.179) 
we can write the equations (5.176) as 
d7ct ri dxi dx* ri dcidet _ «ise 
ads# iBds ds + EGR) ds ds v (5.180) 


Considering the structure of the equality (5.178), we will write it in the form 
Poy = FO (G5 ire + es My) = 2PM Qc gays (5.181) 
hence the equations of geodesics for Ag space can be represented as 


dct de® 
“Gs as 


2 nt . 3 k . 
d* a r dx ae" aging 


oe =i. 5.182 
ds? iFds ds ( ) 


For the terns in (5.181) we can introduce the following notation: 
Qj = Ga Ore ae = Ge Fes ies 3 


then the contorsion tensor Ti, for space Aq will become 





T}, = ata Oe 


tM (5.183) 


where 
at i 
aa = ies 


whence 
Tj, = —27;, + 22". (5.184) 
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The covariant differential of an arbitrary vector vt with respect to the con- 
nection (6.171) for parallel displacement from point 2‘ to point 2'+dz* becomes 





but = dui + Atde? = 0. (5.185) 


‘Tat an arbitrary point xt of Ag space we have two linear elements bx* and 
dz’ and make a parallel translation of dx‘ along the element dx‘, then for the 
final point we will have [30] 


ge t+ det + dx* - At, da* de? =«citdet + dei + dic. (5.186) 





(On the other hand, parallel translation of the vector dz* along the vector 
dz’ gives 





e+ ée'+ det — At dat écf = oct + éctt det + ddx*. (5.187) 
Subtracting from the relationships (5.186) the equality (6.187), we get 
déx* — bdr = — (jade de! + Aj,ds x!) = 
(Ab, - Aj, )or*de! = 2A} Se" de? = 
= 20efb0kde! = -20yf601 dc". (5.188) 


Let us now consider the variation of the integral 


b 
/ L(c',u'jds, (5.189) 
where u' is given by the relationship (5.170). We will write (5.188) as 
bdr = déc' + 2026r!dc*. (5.190) 
Then at each point of the extremum we have 


d 
~ ds 





i dx* i wat 7 dict 
du =57> én { 207,507 (5.191) 


Applying a common variational procedure to the integral (5.189), we get 
b . . 
/ éb(c',u'jds = 
b — ° a 
/ (Lc + dct,ul + éut) — B(s',u'\) ds = 
b 
Ob. . OL, . 
= / (So 50 + saiu') ds =. (5.192) 


Substituting here the relationship (5.191) gives 


b 
Ob. ; Ghd, ; @b ng 
a“ at ae at 2S oot 34,8 _ aA 
/ (Sia + aa Teo + tial ad th )as= Q. 
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We now integrate by parts the second term here to obtain 


b 
abd OL aL | 
oS As a k to = 
| (3 dsou | it a ) ee , 


or, since @xt is arbitrary, we arrive at [30] 


d Ob Ob 9.3 9h a, 5193 
dou oe t GG =o (5.195) 


Let now 
h=(guuiu®y?, (5.194) 
along the extrermmm £ = 1 by the relationship 
gig uP =—u'u,=1. 
Substituting the Lagrangian (6.194) into equations (5.193) gives 


d t : . 
Ini + Pingeu? ut + 2075.9. ,u* ul = 0. (5.195) 
& 


Multiplying this relationship by g'™, we get 


du' 








at Tyuut + 29° gps Qy oud ue =0 
5 
or 
du’ © oadagh i kG 
zt Py wel + 2g Qa gy wel = 0. (5.196) 
5 


We have thus obtained, using the variational principle, the equations of 
the geodesics in the form (5.182). Consider now the equations that describe 
the variation of the orientation of the tetrad e*, as it moves according to the 
equations of the geodesics (5.196). We will rewrite the equations (6.43) as 

dye, + Abe? = 0 
or 


de’, + Ate de® = 0. (5.197) 


Dividing these equations by ds yields 





de" ~ ace 
ads + Ane aa =u. (5.198) 
Further, taking the second derivative det, /ds*, we will have 
d fde',\ d fae dc®\ Pet, detde™ de, dat 5199 
ds\ ds Jf ds\ Ort ds Jf Gxm@rt ds ds © Ort dst” (8.199) 
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Since 
Get a ; ; ; 
ee a, ee, Po 
Gem Gk Apa Ate) Aime a 
— At, (- Ae nea) = (-A, + At At Je, 


phym 


and rire: k 
i 
Ger, drt ae gg Ge de™ 


—_—_ — . —_ — 
ack ds? pe km as ds 3 





we have 


det | : cas : dr* dc™ 
ds? + (Ajijm ~ Abr Ajim — Ads 


Substituting here the sum (5.171), we have 


3 ae eed 
eon J ds ds ea 





=0. (5.200) 


d@gt 
ads# 





- + (Tyan + Peas ~ Peal jin ~ rn icon ~ 
~ nl 5 mn ~ PP iin ~ rs kn ~ PT in ~ 
. . dr®*de™ 2 - 
VePim — PPimI Gr Gy = 8 (5.201) 
Since independent equations (5.201) (for three Euler's angles and three 
pseudo-Buclidean angles) describe the variation of the orientation of tetrad e', 
as it moves from the origin O according to the equations of geodesics (5.196). 
In Aq spaces, where the metric is flat 








tik = Mik = diag(l - 1-1-1), (5.202) 
the Christoffel symbols rs, vanish and the equations (5.201) become 
d? et : ioms cme vac dx™ j . . 
dse + (Phy — PeeT Fm — PhT im Gs ae * aa ¥y (5.203) 


and the equations of geodesics (5.175) will become 

d?x* , dx) drt 

ds? "ds ds 

We now introduce the tensor of the four-dimensional angular velocity of 
rotation tetrade e*, [33] 


=0. (5.204) 








dc* dia 4 d@jq , . 
Qe; = Pitty = as e } = ds a (5.205) 
with the symmetry properties 
he; = yy, (5.206) 


determined by the symmetry (6.48), for which the Ricci rotation coefficients 
hold. 
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Using (5.205), we will write the equations (6.204) and (6.203) as 





d2xt ,dch - 

ast ids = uy, (5.207) 
an ~ ae* dem cone AER . 
ds Dake Ge ge FEMS =e (5.208) 


The skew-symmetric matrix (6.206) can be represented as 


O Qo. Noo og 
| Gin 8 Me Die ~ 
Qe, = Qn Rar ; Qos (5.209) 
Map {a1 Qg2 0 


Let us now give a physical interpretation of the components of the matrix 
(5.209). We multiply the equations (5.207) by the mass m and rewrite them as 


mf Zi 4 mt oe 
ads# Pods 





=t. (5.210) 
If the condition (6.202) holds, there equations can be represented as 


du; dgi . 
ma, t maj =U, (5.211) 





where 
ds, = (nindeidc* \t/? (5.212) 


is the pseudo-Euclidean metric and u; = dx; /ds,. 
We represent the equations (6.211) in the form 


du; dct de® 


_ mPa ee 
™ Ts, mG) ds, ds, * 





(5.213) 


where the part of T symmetric in indices j and & is given by (5.178). 
Assuming that motion governed by the equations (5.213) is nonrelativistic 
(ufe <1), we will write the three-dimensional part of these equations as 











dt dx® dx* dz? dr* 
* — _mP —_ — — am —_ — 5.214 
7s, ME al ok) ds, ds, He BR) ds, ds, ( ) 
or, from the relationship (5.205), as 
dt ac? dx? 
2 = —-m0,,— — 2mn . 5.215 
m ds, Neo ds, eb ds, ( ) 


Since in the nonrelativistic approximation 


Ve 
ds, =cdt, tu,= a 


1 
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and dz, = cdt, the equations (5.215) can be written as 


d 1 dxf 
mo = —me*?,, — 2me72, aaiay 
dt e dt 





(5.216) 


It is known from classical mechanics that the nonrelativistic equations of 
motion of the origin O of a three-dimensional accelerated reference frame under 
inertia forces alone have the form [34] 


d 
qm’) = m(-W + 2[va)), (5.217) 
where W is the vector of translational acceleration, and w is the vector of the 


three-dimensional angular velocity of rotation of the accelerated reference frame. 
We write these equations as 


p 
Sm.) =m (-.. + 2uap ; (5.218) 


where W = (Wi, Wao, Wan), 


a — ity ita 
Wag = —Weq = —- ia iN) — Wy (5.219) 
— ity iy a 


Ww = (W1, Wo, Wa), 
and comparing these with (6.217), we obtain 


Ww Ww Ww 
Mo=—, a=, Msa= > 


we ata wy 
Mig =-—, U,=—, M3 =-—. 
c c 


Therefore, the matrix (6.209) in this case has the form 


o.06U-W, OW OW 


got Wy a —CWa City (5 220) 
68 We curs a —Cwy . 
Ws -cwy cw a 


_ It is seen from this matrix that the four-dimensional rotation of the tetrad 
e*,, caused by the torsion of the Aq spaces, gives rise in physics to inertia fields 
associated with translational and rotational accelerations. 
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5.8 Structural equations of right and left Ay geo- 
metry 


We can consider three forms of the geometry of absolute parallelism. 
(1) Aq geometry, with the nonzero Riemannian tensor Rt and torsion 


jem 
Qe. The structural Gartan equations then become 
Viney + Tests = 0, (5.221) 
Bl jam + 2V 2 im) + PP im) = O- (5.222) 


(2) Aq geometry, with the zero Riemannian Bim and nonzero torsion Qe. 
In that case the structural Cartan equations can be written as 


Ve + Thee = 9 (5.223) 


(3) Aq geometry, with the zero Riemannian tensor FB am and noncoordinate 
torsion Oy. The structural Cartan equations of the geometry coincide with the 
structural equations of the pseudo-Euclidean space By, and they look like 





Vine yt T ty @ 2 = 9, (5.225) 
Vor by leayt T o[k T ijl] = 0, (5.226) 
where the tetrad é 2 determines the "coordinate torsion” 
St fa Ba loge, oa 5 297 
Mt Fy =F, Cth sl = 3 eal? ky e jk ( . } 


Since in the pseudo-Buclidean space the T, and O(3.1) groups hold globally 
and its internal geometry is trivial, then, for example, in the Cartesian coor- 








dinate 2° = ct, ct = 2, 27 = y, 2? = 2 the structural equations (5.225) and 
(5.226) become the identities 
0=0, (5.228) 
d=0. (5.229) 


If we now go over to the spherical coordinates 


glact, star, c?=8, xc=a, 


we will get the equations (5.225)-(5.227), which include: 
(a) components of the “coordinate” tetrad 


(0) _ 8 (1) 2 (2) 2 : 
e, =e; =1, es’ =r, eo =rsing, 
a a a 1 a 1 
a 1 2 3 . 7 
é (a) =¢é (1) = l, & (2) = é (3) = rane’ (5.230) 
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(b) components of “coordinate torsion” 
Qs2=032=-(ary, o3%= -5 cot 8; (5.231) 
(c) components of the Ricci rotation coefficients 
Pho=r, Pi, =rsin2¢, p 2, = siné@cosé, 
p?,=P?,= -+, T 3, = —coté, (5.232) 


Using the formulas 


o 


Gau= are? eh, nap =e? =diagll —1-1-1), 
we find the components of the metric tensor 

Goo=S1i= 1, Soa=—-r, Gaa= _r? sin? @, 
the metric 


ds? =9;; de'de? = c*dt? — dr? - r*(de? + sin? Ady?) 





and the components of the Christoffel symbols 


1 


a - 3 o a - 
Tae= -rsin°?, The=-r, Pig =P ds = 7, (5.233) 


T 2, = —sin@cos#, [T3, = coté. 


Thus, inthe pseudo-Buclidean geometry Ag, when we deviate from Cartesian 
coordinates, instead of the identities (5.228) and (5.229) we get the "coordinate 
structural equations” (5.225) and (5.226). 

Suppose now that the initial pseudo-Huclidean space Ay is deformed in a 
continuous manner (e.g., using conformal transformations) into an Aq space 
with a nonzero dynamic torsion field and the structural equations (6.223) and 
(5.224). We can distinguish the right 


+ : er] l ; a q 
a yh = rar [ky 7] = gh al? yp r i) (5.254) 


and left 1 
a ih = Pas ~ gh al, ~ nD) (5.255) 


torsion fields. In these equations r! and /* stand for the right and left tetrads. 
respectively. 

We well take the right tetrad r! to mean a tetrad é * , such that when the 
three-dimensional spatial part rotates from the + axis to the y axis the vector 
of the angular rotational velocity points along the 7 axis, so that the rotation 
occurs counterclockwise if looking from the side to which the z vector points. 
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For example, the four-dimensional rotation matrix (5.220) for the right tetrad 


looks like 
o.06U-W, CUO - WE 


4 1 Wy 0 —Cirg Clg 
Qi cl | We cs a —Cwy (5.236) 
We -cumy cay a 


whereas for the left rotations we have 


fs) Wy Ws W; 
—-W, a CWa —Citg 


= 1 
Qi = c2 | —-Ws —cwas a Ci (5.287) 
—-Wsa chy —-cuy a 
It is seen that 
+ — 
Q5= — A; . (5.238) 
From (5.205) and (5.238), we have 
Pi,=- FP 5.239 
pk pe ( . } 


mince the metric tensor g;, is determined both by the right and left tetrad 
in a similar manner [35] 


gik = Nas ery = Nal etn (5.240) 

it follows from the definition 
Pi, = Bt g(a) Mey + Gas UE, (5.241) 
that the components (5.234) and (5.235) of the right and left torsion fields differ 
in sign 


+ . — . 
Qs, = — Q Fe (5.242) 


By dividing the torsion fields into left- and right-hand ones, we thereby split 





. . . + = . 
the translations group 74 into the right 7’4 and left 74 translations groups; and 
the rotations group O(3.1) into the right SO*+(3.1) and left SO7-(3.1) rotations 


group. 
We will write the structural Cartan equations of the Aq geometry, which are 











transformed using continuous transformations in J, and SO+(3.1) groups, as 
follows: 
ta, Ahi ta_, 
Vine Ot Pik & 2 = 9; (5.243) 
Via i Ste T isl) = 9 5.244 
[eB limyt Poste P iit] = 2 (5.244) 





Accordingly, the equations 


Ves + Tiee = 9 (5.245) 
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Vee jim) t Estee itm] = 9 (5.246) 


are transformed continuously in the T, and SO+(3.1) groups. 

It is clear that discrete transformations — inversion transformations — en- 
able us to transform the right equations (6.243) and (5.244) into left equations 
(5.245) and (5.246), and vice versa. 

The property (5.242) of the Ag geometry enables an empty pseudo-Buclidean 
geometry to be “split” into right- and left-hand geometries: 


Q=0 40 <0, (5.247) 
whose torsion is nonzero. This property appeared to be quite useful for the 
description of the production of matter from “nothing” in the theory of physical 
vacuum [36]. 

If now we split the structural Cartan equations (5.221) and (6.222) into right 
and left ones, we will get 





ta, ti ta_e 
Vee nt Pag ef = 9 5.248) 
+, +. +' 48 . 
fi pkm + 2Vi 7F Lily t+ 2 Poel [jj] = U, 5.249) 
Vee nt Pg & f= 9 5.250) 
Ro jem + 21,7 imp t 22 he TP fim] = a. 5.251) 


Writing the structural Cartan equations as the extended right and left Hinstein- 
Yang-Mills equations, we will arrive at 


ta, hi ta_e 
Viet at? hye 2 = 9; 
+ 











$+ 
jm -EGim H= v Pim (5.252) 
Gi 24, Pi a 
jem T4V CEP limp t 4 Poste P lj) = YF jem 
Viz & at P Cha ey 
jm $9 jm = v Pim (5.253) 
Ch sem F2V EP hjjmyt 2 Pate P ijimy = YF jem: 


In the theory of physical vacuum that is based on the universal relativity 
principle [$7], equations (5.252) and (5.253) describe the right and left matter 
produced from vacuum. 
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Chapter 6 


The geometry of absolute 
parallelism in spinor basis 


6.1 Three main spinor bases of Ay geometry 


The geometry of absolute parallelism, as laid down in vector basis, enables the 
structural equations of this geometry of be represented as right (invariant with 
respect to the 7,’ and SO+(3.1)) groups and left (invariant with respect to the 
T, and the SO~(3.1) groups) groups of the structural equations (At), (BT) 
and (4~) and (B-), respectively. Equations (At), (BT) (or (47), (B7)) can, 
in turn, be split by a transition into a group of equations, whose component 
fields have opposite spins. For this purpose, we have to use spinor basis and 
some elements of spinor analysis. 

We will view the spinor geometry Aq as a differentiable manifold X4, such 
that at each point M with the translational coordinates x (2 = 0,1,2,3) a two- 
dimensional spinor space C* is introduced [38]. There are three possibilities for 
introducing the spinor basis in the spinor space C?: 

(a) spinor [-basis formed by the Infeld-Van der Werden symbols o's [39], 


which satisty the equality 





Vali g = 93 (6.1) 


(b) spinor A-basis formed by the Newman-Penrose symbols ols [40], which 
satisty the equality 


Vn Tg = 0; (6.2) 
(c) spinor dyad basis €%, which satisfies the equality [41] 
cP Pe np Vee = 0. (6.3) 


In relationships (6.1)-(6.3) the indices a, 8, ...and A,B, ... are spinor in- 
dices that take on the values 0,1 and 0,1. Any local vector A‘ that belongs to 
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c* can be represented as a spin-tensor of the second rank either in the spinor 
T- basis 


Ai = AcPo! , (6.4) 
or in the spinor A-basis 
. AB ¢ 
A= A og: (6.5) 
All the spin-tensors associated with the [-basis will have the spinor indices 
@,8,..., and the spin-tensors associated with A basis will have spinor indices 
A,8,.... As to dyad €%, it is a connection between P- and A-basis 
og = oles. (6.6) 
Here ; 
=f Sa 
fs = bs 


and the bar on the right-hand side of the equality implies complex conjugation. 
epinor A-basis is connected with the vector basis e? by 


1p = Cong (6.7) 


ob = eg Ab (6.8) 





where 0,4 are complex Hermitian (0,47 = o, 48) matrices, and the matrices 


o* 4, and o,“* have the form 


lo 0 1 
; -ao/ 0 1 1° °«0 
v7 4g = (ay! rr (6.9) 
lo Gg -1 
lo 0 1 
AB _ -1/2 a 1 —t a * 
go? = (2) o 1 io ; (6.10) 
lo og -l 
where ; 
det(oSs)=%, det(o#*) =-1, 
From the orthogonality conditions for the tetrad e 
ere? =6.7, et et, = 64 (6.11) 


and the relationships (6.7)-(6.10) follows the orthogonality conditions for the 


spinor A-basis 
AB 5] .-¢4 


Tgp = ORs (6.12) 


om 


ofPoi, = 64058, (6.13) 
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For the spinor I'-basis the following orthogonality conditions hold [54] 


ool = 6, (6.14) 
oot, = 6% 585, (6.15) 


Whence, by (6.6) and (6.12)-(6.13), follow the orthogonality conditions for 
the spinor dyad 














cao = 1, 
coe = fabs = 9, (6.16) 
crea = 0. 
In addition, there are the relationships [54] 
o¢8 _ gl eh _ fF 
Gabe Gabo ony (6.17) 
coop ~ aoe = Fahy 
where 
af ye a 1 
Eag=& fap =e “44 (6.18) 
is the fundamental spinor [40] that obeys the following relationships: 
cage? = e& = eh, 6.19) 
Eqpe" = d505 — 208, 6.20) 
et = 2, 6.21) 
Fol PF cb] = a, 6.22) 
1 oO 
f= (5 :). 6.23) 


The fundamental spinor ¢,g increases and decreases the indices on the spin- 
tensor associated with the [’-basis, similar to the metric tensor g,, in the vector 
basis. In the spinor A-basis it has the form 


fan = cap fate (6.24) 


so that 








8 a l 
cAB _ cag — CP Ean (2, , ). (6.25) 


The fundamental spinor ¢4g5 increases and decreases indices on the spin- 
tensors associated with the A-basis. For example, we have 


AB gw — gud (6.26) 
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If the spinor is skew-symmetric in two indices 


OA B= PBA (6.27) 


then, using the fundamental spinor ean, it can be represented as [40] 


Paw. = ~eapege ee. (6.28) 


The same properties are valid in the spinor T-basis for the fundamental spinor 
Cap. 


6.2 Spinor representation of the structural Car- 
tan equations of Ay geometry 


The relationship (6.28) makes it possible to reduce spinors skew-symmetric 
in primed and unprimed indices to spinors that are completely (or partially) 
symmetrical in primed and anprimed indices. In the space of spinors of this 
type irreducible representations of the groups SL(2.C’) are realized [42]. This 
group replaces the group SO(3.1) on passing over to the spinor basis. 

Definition 6.1. We will say that the components of a spinor with r symmet- 
rical lower indices and with s symmetrical lower primed indices are transformed 
in D(r/2,s/2) irreducible representation of the group SL(2.C). 

For example, the spinor 

Pag =fPea 


is transformed in D(1.0), and the spinor 


Pog = Pag 
in the D(0.1) irreducible representation of the group SL(2.C'). 

We will write the main relationships of the Ag geometry in the spinor A- 
basis. This can be accomplished using the spinor representation of the arbitrary 
tensor Pet in the A-basis 


pAb. _ GAB pte gd ; (6.29) 


or simply replacing the matrix indices by two spinor ones as follows: 


ef a ofB (6.30) 

Tsm OTA ons (6.31) 
Ro yim ORO opin (6.32) 
flab O Nabobd = €ackan» (6.33) 


and so on. 
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Proposition 6.1. In the spinor A-basis the metric tensor g;; of the Aa 
geometry has the form oo, 
Gij = FACE BA of ge? (6.34) 
Proof. Substituting into 
ig = Maree" ; 
the relationships (6.7) and (6.8) written as 


a_,~AB_a , bo ED. by 
oP Oo ag, 8 = OKO Od, (6.35) 
we have ; ; 
AB_a OD 
Gij = Mab Oi Tago; Cope (6.36) 


From the relationships (6.9), (6.10), (6.25) and the definition 
n= = diagjl -1-1-1), 
we obtain the following equality: 
Nab an lob = EAGER 


Substituting this into (6.36), we arrive at the formula (6.34). 
We now write the structural Cartan equations in matrix form 


Vee mm] ~ eel bon =4, (A) 

Fim + 2V EL by + 22 etal ib ny = 9: (B) 

Using the rules (6.30)-(6.32), we write these equations in the spinor A-basis 
Vuos® — of? rab = 0, (6.37) 

RAF seg + 2V AE atm t PA pat edi) = O- (6.38) 


Consequently, the second Bianchi identity of the Ay geometry 
Vinh jean] + Bite = lela] 7 Pytntte| 20] =U (PD) 
in the spinor A-basis becomes 


AB EF AB EF AB a 
Vindt [GD km] +H Cbtkm! [GD |n] P OD[nt [BR|km) (6.39) 


Proposition 6.2. If F;; = —F;; is a real skew-symmetrical tensor, then 
the corresponding spinor 


Pasop = Fie eG (6.40) 


can be represented in the form 


1 — 
Pagon = 5 ean Pac + cack ps), (6.41) 
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where the spinor 
Paao= Foa (6.42) 
is transformed in the D(1.0) irreducible representation of the group SL(2.C), 
and the spinor 
Fao =Fan=Fag (6.43) 
in the D(0.1) irreducible representation of the same group. 
Proof. Since the tensor F;; is skew-symmetric, we have, by (6.40), 


Pasop = —Popas- (6.44) 
We rewrite this as 


Popast Pobas - 
—Fopas)- (6.45) 


Using the fundamental spinor (6.25), we can write (6.45) as follows: 


1 1 
Pago = 5 Fagen - Popag = gPasen 


l . 
Pason = 5(eacF ra” p + egpP ano”). (6.46) 


Denoting Fag = (1/2)F go”, we have, by (6.44), 
1 : 1 : 
Fag = Pane” = SF a" ob = Foa. (6.47) 


Further, introducing the notation Fz, = $F pg”, and considering that Fj; 

is real, we find 
1 l— 34 — 

bb = 5P re a = Pas’ 0 = Feo. (6.48) 

Substituting the relationships (6.47) and (6.48) into (6.46), we arrive at 
(6.44). By definition, the spinor Fag = Fea belongs to the D(1.0) irreducible 
representation of the groups S£L(2.C’); and spinor Fz, = Fag — to the D(O.1) 
irreducible representation of the group. 

Since the quantities Pason,, and Aagop,, in the equations (6.37) and 
(6.38) are skew-symmetric in the pair of spinor matrix indices AB and CD, we 
can represent them, by (6.27)-(6.28), as 


F 








l 
Lae .. + 
Pagonr = 3 (esp lace + cacP aa )s 6.49) 
1 = 
Ragodin = 3 (ea Rackn + cacKh sy. )s 6.50) 
where ; ; 
BDp ., tt acm i, 
Pack = 3° Fascha Pep, = 3° Pabcde 6.51) 
loge l 

ach, = xo —cACR 6.52) 


ABCD kn} FE hen ~ 3 ABCD kn’ 


In these relationships the + sign with the spinor matrices implies Hermitian 
conjugation. 
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6.3 Splitting of structural Cartan equations 


into irreducible representations of the 
group SL(2.C) 


Matrices (6.51) and (6.52) can be transformed in the spinor indices as follows: 








Po = SEP ESS + SES 25 6.53) 
THB’ = Ste rte st? 4 sth gh 6.54) 
RY cin = 84 Racin SS, 6.55) 
Rt 4 = SEB RY? A ot? 6.56) 





Matrices of the transformations se and si? form the group S£(2.C), and the 
matrices 


se (6.57) 


form the subgroup 
SLt(2.C) (6.58) 


of the group S£L(2.C), in which the spinors belonging to the irreducible repre- 
sentation D(r/2,0) are transformed. 
On the other hand, the matries 
BF 
ste (6.59) 


form the subgroup 
SL_(2.0) (6.60) 


of the group S£L(2.C), in which the spinors belonging to the irreducible rep- 
resentation D(0,s/2) are transformed. These properties of the spinors enable 
the structural Cartan equations to be split into equations that contain spinors 
transformed in D(r/2,0) or D(O,s/2) irreducible representations of the group 
SEL(2.0). 





Proposition 6.3. The second structural Cartan equations (B) in the 
spinor A-basis are split into the equations of the form 


Facin + 2¥ [ef aca] + IP aayl ein) = 4, (6.61) 
+ + +, pte _y 
FE kn + 2V EL ean] + 22 Fant [Dn] v. (6.62) 


Proof. We write the second structural Cartan equations (6.38) as 


EF - 
Bagoben = Ragchem + 2V el aBoD |] + 2P agserel Ci] =U. (6.63) 
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Using the fact that the spinor Bagoen;,, 18 skew-symmetric in the pair of 
spinor indices AB and CD, we will write it in the form 


1 = 
Bagcdin = 5(€abBacen + eacBh yy, )=9, (6.64) 
where a 
Backn = 5o) Babciin =4, (6.65) 
1 
+ ACR... _G 
Bridvn = 3° Pasobin = 9. (6.66) 


Substituting (6.61) into the equations (6.65) and (6.66) and using the ma- 
trices (6.51) and (6.52), we will arrive at the structural equations (6.61) and 
(6.62) in split form. In the derivation we have used the properties (6.19)-(6.23) 
of the fundamental spinor ¢4g. 


Proposition 6.4. Matrices Tao, and Thay in the dyad basis &,¢ have 
the following form: 


Page = faoVala = Pace, (6.67) 
Poon = Sap VEO = Pak (6.68) 


Proof. We write the matrices 
Tare =e, Vinlas 
in the spinor basis, using the rules (6.30) and (6.31) 
Pasobs = [ob Vi aby (6.69) 
Substituting this expression into the first one of (6.51) gives 


l ga 


Pack = x oh Viel aay (6.70) 


Using the formula (6.6), we write 743, a8 
a Fb 
Tani = Ope as B- (6.71) 
Substituting (6.71) into (6.70), we have 
lea - _é len - _é 
Pack = so) on Viloapiedes) = se Poi yop: Ve (Cae) (6.72) 


since V;(o,6;) =. 
Further, considering that 


i _ = v Ey a 
Pon F Bi _ Tuy CCSD afi _ 


= Svabsplath = foal pps 
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we will write (6.72) as 
1 


Pace = 50° fuk ypl(EaV etd + CAVE). (0.73) 


In the dyad basis we have the equalities 
_ = sa _é . 
fen = Cngeas cP OE, Veta = 0, 


which are conjugates of (6.3) and (6.24). Using these equalities, we can easily 


obtain (6.67). Similarly, for the conjugate matrix T+, .,, we have (6.68). 


Proposition 6.5. In the spinor A-basis the first structural Cartan equa- 
tions (A) of the Ay geometry have the form 


t] Bo [i B Pa 
Vial og _ Pinon? Al }_ Come ap =U (6.74) 
or, dropping the matrix indices, 
Vino" - Tyo"! - obpt =O, (6.78) 
Proof. Let us take the derivative Vous: 
i i xh i =f ot ot =f 
Vilon = Vi(o! gé8e5) = of s(En Vines + €6V neq): 
Using (6.67) and (6.68), we will write this relationship as 
i i ce <8 astF 
Vion = og(Powet Ben + TH be ). (6.76) 
Here we have used the normalization conditions 
o = <6F 
faBe — l, Cape =. 


Multiplying the terms on the right-hand side (6.76) we obtain, from (6.71), 


Vio _ Toros _ oF TS a =U (6.77) 
or ; ; ; . 
Vilar _ Trazoz _ Chal te (6.78) 


Alternating this relationship in the indices & and ¢, we obtain the equations 
(6.74). 


Proposition 6.6. The second Bianchi (D) identities of the Ay geometry 
in the spinor A-basis are split into the following equations: 





V" Racen — Racin T7a"+ Reaun T7¢” = 0, (6.79) 
ast ‘4 Fn, 44 tFa_ a 7 
VOR born Rpteat os + Reels | = 9 (6.80) 
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Proof. Increasing and decreasing, using the metric tensors 74, and g,,, the 
tensor indices in the identities (6.150), we will write them in the form 


Vv’ Raven _ Resin Tet t+ Rockn P*,” = 0. (6.81) 


In this equality we now pass over to the spinor indices using (6.31) and (6.32) 
go get 


ap... yy . . PEP .», B . . pEP on a 
Vv FRagcben ~ Raropin F AB + Rapaben 2 GD UW. (6.82) 


We now write this relationship in the form 


ABCDkn = 9 (6.83) 
where by DP Bonk we have denoted all the terms on the left-hand side of (6.82). 


Since the relationship (6.83) are skew-symmetrical in the pair of indices AB and 
CD, we will write it in the form 


l 
- we tn. \_a 
ABCDkn = 3 (eabDAckn teacD™ pr) = 9, (6.84) 
where 
pi ao teBbpr. . =9 pte = 1eAep. . La 
AGkn ~ 9 ABCDin ~ "! BDin 3 ABCDin — ~* 


Substituting here (6.82), we will get (6.79) and (6.80). 

Physically, the spinor splitting of the structural Cartan equations (A) and 
(B) implies splitting into the equations of “matter” and “skew-symmetry”, just 
as it has been done by Dirac in his derivation of equations for the electron and 
the positron. We can now write equations that are transformed in the groups 
SLt(2.C) as 


'] Bie 7 B r 3 
Viet as - Ticeen|! — o oat as =4, (A*) 
Facin + 2Vte2 aca] + 22 apt ein] = 4, (Bet) 


and in the group SL7(2.C) as 


Voto — Trjoee5l)- o omT yy” = 9 (4°) 
+ + + +F _ a 3 
Fe kn + 2V EL ean] + 22 8 ate! Din] =U. (Be) 


In the numerations of these formulas s implies transformation in a spinor 
group. Dropping the matrix indices, we will write these relationships as 


Val - Tyo - oP t= 0, (A) 


Fiz, + 2V [el'n] _ [Pry Pa] = 4, (Bt) 
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Vino" - Tyo"! - ofr A = 4, (A*) 
RE, +2VaTh - (0TH =0. (Be) 


Correspondingly, discarding the matrix indices in the equations (6.79) and 
(6.80), we obtain 


V" Ren +[Ren, T*] = 0, (D**) 
VRE, + URE Pt] =o. (De) 
6.4 Carmeli matrices 
Equalities (6.67) and (6.68) can be written in matrix form 
Py = EVE, (6.85) 
Tit =etv,ét, (6.36) 


where T;, and € are 2 x 2 complex matrices with elements T45, and €4, respec- 
tively. Multiplying 7, by o* ae, we can introduce the traceless Carmeli 2 x 2 
matrices [44-46] 
k 
Pag = Taptks (6.87) 


with the componente 





y= ( ¢ “), T= (° %), 
TE he -B 
no (% -p ttt (6.88) 
10 — , He 1 11 — yo-¥ 
Using matrices (6.87), we can define the matrix elements 
CD 
oo Gl 10 oil 
Fas\o? = ee Te 6.89 
( ape | 6B -c 2» -£ ( ) 
O}a -p A -@ 
Y TT KO -¥ 


where (Taglc” is the CD elernent of the matrices P,,. Consequently, the 
complex conjugate matrices Tras are 





CD 
6 ol io 11 
oo [|r -K FT —F - 
(Pie = ; A _ 7 3 (6.90) 
O|m -7 A -F 
7 -T VO -F 


58 CHAPTER 6. GEOMETRY OF ABSOLUTE... 


Proposition 6.7. In the Carmeli matrices the first structural Cartan 
equations (A) of the A, geometry have the form 


9oplas ~ abl on = (Poa)a’ lpg t+ Can(Pho)* 3 - 
(Pape? opp ~ %oal(PE,)* p- (6.91) 
Proof. We will write the equations (6.75) as 


Po to Ei, t +Fo 
Viton — Velgg = Poor ge t Topl yk 


Pao og - walt. (6.92) 





It is easily seen that the equations (6.92) represent the difference of the two 
relationships 


Vita = To oe t CopT ts, (6.93) 
Ving =TaS hp tor ty. (6.94) 


Multiplying (6.93) by o* ,2, and (6.94) by o* Ga, we get 

















Vio gon s = To os oh s + Coal TP ots, 6.95) 
k Poot ok [ pte ok 
Veo elas = Ta’ rope lan + Tage st eT eye 6.96) 
We now introduce the notation 
B Bok 
(Pagie = To bk a8 6.97) 
and 
k 
@4g = 082 Va, 6.98) 
and rewrite the relationships (6.95) and (6.96) as 
a \ Pot pte. 
Pohl ag = (Popja Tog + onal(Pao) B (6.99) 
et Pt : +8, - 
AaB og =(Tyaie Con + Copl?s,) De (6.100) 
Subtracting from (6.99) the equality (6.100), we will arrive at the first struc- 


tural Cartan equations (6.91) of the Aq geometry, written in terms of Carmeli 
matrices. 

Gonsider now the second structural Cartan equations 
(B**t), written in matrix forms 


Ren + 2V Pq) — [Pes Po] = 0. (6.101) 


Multiplying the quantity Ay, by o* as and o* 3, we will introduce the 
traceless Garmeli matrix 


k - 
Fagen = Rint asl on (6.102) 
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with the components [44-46] 





oe Vv, -¥, ff Gio - Fon 
Ayiog = P,4+2A —8, }? FAxaog = $4, —Bi }? 
_. f Wa -¥2-2A ff Biz -Pn2 
Aira = vr, _t, » Ayia = $., —O15 (6.103) 
Rea VWo+@i1—A Y, — Oo. ; 
iia V2 4+ Par —¥o-Gi,4A 7? 
Race —Wet+4i+A VW, - Poi 
iu01 —¥3 4%, W,-%-A fo 


Proposition 6.8. In terms of Carmeli spinor matrices (6.87) and (6.102), 
the second structural Cartan equations (B*+) of the Ag geometry become 


FP Lk 
Rasop = %obl as — Caslon ~— Ponda Urs - (TH) Pan + 
+(Paglo"Teg + (TE,) aTort Pas Toal- (6-194) 


Proof. We write the equations (6.101) as 





Rin = 2V pF + (Pus Pa] (6.105) 


or 





Ren = Vale — Vila t Tila — Tal. (6.106) 


Multiplying this by of 0" on, we will have 








figson = GapTiot s - Paella an + Paglon — Pont ag = 

= GopP ag — Casal og — (Sop? as" — O4a%on )Th + 

+[Pag Top]. (6.107) 

We have used here the condition that 


op Bok, = 5A62 (6.108) 


and the notation 





Aap aol a Ve. (6.109) 


If now in (6.107) we use the relationships (6.99) and (6.100), we will get the 
equations (6.103). 
Let us write the second Bianchi identities (D°t) of the Ag geometry in 
matrix form . . 
V" Ren +[Ren, 2") = 0. (6.110) 
Multiplying these equations by o*,,, we will render them in terms otf 
Garmeli matrices as follows: 


an * n ap _ AB, * 
O°” Repop topr(V on) Ragon + 


H(Vio*??) Re pop -(P°" Repos) = G. (6.111) 
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Using the relationship (6.99), we can rewrite the identities (6.111) as 


ge? flzeonp -(ToP \4g laren 
(PtP a" Reson t(Pe°)°" Repos + 
H(PZS)P? Ragop Hl" Repop] =0- (6.112) 


6.5 Component-by-component rendering of 


structural equations of A, geometry 


Let us now write the equations (6.91) component by component. For con- 
venience, we will introduce the following notation: 


i = woh. wot. e\afat. 
Aasas = %eb% ae ~ Fab! on = (Popla ops + 


ton Pho) ee - (Paglo ops - on(P EA)” p- 








(6.113) 
Also, we will denote the components of the spinor derivative as 
B 
a,,- 4(8 1 6.114 
w- ALS (6.114) 
1,|6 A 
and the components of the spinor A-basis as 
B 
y 0 (6.115) 
ote : : . . 
AS a (¥",V,¥?,¥?) m= (€°,w, €*,&7) 
m=( 0,2 jf) ni = (X°,U,X?, X*) 
From (6.113), the spinor component A'yoj will be 
i i i Poi i 5 
Ayaot = 906% 0% ~ Fi% 4 = (Poado” Mrs + Maal F ends 
— (Toi Jo" ps — Son (Fih) a (6.116) 
or 


i i i og 
Anant = 0674 — F0i%6 = ((Poado Poi 


t (Loa )o O43) + 
+ (ofa(Tih)s + obs) - (Poido’ oie 4 


r (Toi)o ota) — 


- (oss(Ti)*s + ogi(Fih ‘s) 





(6.117) 
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Using the notation of (6. 89)- (6.90) and (6.114}(6.115) for the components 
(Tanja? (PE) ps9a% and ot, ., we will obtain, by (6.117), 


Dm — 6" = (em' + (—«)n") 4 ("7 4 m'(-F)} 
(I + (—a ya) — ("a 


=-(F+ 6-7 - wn +om'4+(F4 














Em’. (6.118) 
Since the vectors m' and /* have the following components: 
P=(¥°V,Y7,¥9), om = (ew, 7,8), 


it follows from (6.118) that 








6V-Dw=(@+6-7)V4+x6U -oW-(Gt+e- Fe, (6.119) 
6¥*- D&* =(@4+ B-MY* 4+ 6X*-aF —- (Gre - FE, (6.120) 

a =0,2,3 
In a similar manner we find the following component rendering of the first 





structural Cartan equations of the Ay geometry 












































6V —-Dw=(@+8-TV 4 eU -ow-(Fte-Fw, A.l) 
§Y* — D&* = (@4+ B-WY* 4+ «X*—- of —- (+e -HE, A.2) 
AY* —- DX* = (y+ FY" (e+ FX — (74+ TE* — (F4 Ye, A.3) 
AV — DV = (y+ 9V +(e + BU - (r+ 0- (T+ ru, AA) 
6U- Aw= -7V 4 (7 -@- PU 404+ (u-¥4+ Fe, A.B) 
5X%— AE* = -DY" + (7 -F- BX“ +E $ (u- + NE, AS) 
bw — 69 = (F- w)IV + (7- p)U - (a - B)T-(B- aw, A.7) 
Be" — 68° = (W— w)¥“ + (F- p)X*- (@- BE -(B-ae*, (A) 





a=U,2,3 


1 271 


and the complex conjugate equations (A.1) — (4.8) (all in all 24 independent 
equations). 

Let us now look at the equations (6.107) and write them componentwise. 
For instance, we will derive the Ajj, component of these equations 


Ania = Pel oi 7 Milos 7 (Toa o Poi 7 (Toao Tai + 
+P EY Pos — (Pay Poi + (Poido’ Fos + (Poi do Fis + 
+(P Ey Poa + (TiEY aPoi + Toifaa — Toalra- (6.121) 
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Using the matrices (6.89)-(6.90), (6.103) and the spinor derivative (6.114), 
we can represent (6.121) as 


Ty —¥y _ B -—o _ 
Caen ve) -o(t 3) s( 
Bp -o y o-T 


-€ +8 —F 


“P so S) (6.122) 
( 
( 
4 











| 





| 


u r 
hop) tls ot) (8) 
cor) Cn oe )+ 

Uh )CS 2 )-(2 2) Ch): 
(D-F+E\B-(6-F+T)e- (a 


(D-p-P-3e4+F 0 -(6-7T4+7-F- 3P)K-Vy = 0 
(D-P+et+Fu- (647-94 Bt -crA+ve-2A- WV, = 0. 

















Similarly, we will obtain the following independent equations (B*T): 


(D-p-—e-Fp-(b-3a0-B4 rx 









































—9T + 7K — Po) = 0, B*t 1) 
(D-p-P-3e4+Fo-(6-7T4+7-F- 3B)K 
—¥y =9, Ber 2) 
(D-p—e+F8)r-(A-3y- Fk - pT -—oF -— 10 
-¥,- Fi =9, Bet 3) 
(D-p-Fttela —(6- B+ aye -BI+ KA + Fy 
—7p—Pi9 = 9, Bet 4) 
(Dtettyy-(A-y-Fe- (r+ Ma-(w +78 
artee+A—W,- $1, =30, Ber 5) 
(D-p+3e-B)A-(T+ r+ a-B)n—- wr+vR- Oy = 0, Bet 6) 
(D-P+E8 -(6-G4Te-(a+mo+(ut+ ye 
-W, =4, Bet 7) 
(D-Ftret Bye -(+7-F+ Pn -oaAtve 
-2A —W,=0, Bet 8) 
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-W¥, - $y, =3, (B*t.9) 
(A+ ut E+ 3y-FA- (4 3804 B+ a-Tv +04 = 0, Bet 10) 
(6-@-B-rp-(6-3a+ Bot+rp-(p- WKH 
+¥¥,— By, = a, Bet il) 
(6-@+ 2B)a - (8+ BB - pet or-(p- Dy 
(4 Ee A+W, Pii= a, Bet 12) 
(5-F+ 36) —-(O+ a+ a+ B)u-(e—- pv4 
+r + ¥3 - $9, =9, Ber 13) 
(6-7r+04+P)y-(A-y47Ht WB - ert ov 
+er — ad Pio = a, Ber 14) 
(6-74+384+ Rv -(At+uetyt Pear 
+7 — Pay = a, Bet 15) 
(§-7-B84+@)r - (At p- 374 Fo - Ae 
+a — Poo = a, Bet 16) 
(A+ B-7-Te-(G+8-a-T)r +A 
ve + 2A4 WV, =0, Bet 17) 
(A-F+Ba-(6+8 -T)y- (e+e) 
t(7 + ByA+ V3 = 0. Bet 18) 


In addition to these equations, the second structural Cartan equations (B) 
include the complex conjugate equations 


RE +2VyP4 -(Pi,7t)=0. (Be) 


We can write these equations in terms of components by replacing the equations 
(B*t.1)-(B*+.18) by their complex conjugate equations. 


6.6 Connection of structural Cartan equations 
of Ay geometry with the NP formalism 


In 1962 Newman and Penrose [40] put forward a system of nonlinear spinor 
equations, which appeared to be extremely convenient in the search for novel 
solutions of Einstein’s equations. In the work [47] by the author of this book is 
was shown that the equations of the Newman-Penrose formalism coincide with 
the structural Cartan equations of the geometry of absolute parallelism. Indeed, 
with spinor Carmeli matrices 7, one can connect the spintensor T,,,,, using 
the relationships 


P Pk P Pr 
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Using the matrix elements (6.162) of the Carmeli matrices and the funda- 


mental spinor 
-AB_ oo, — a od 
=faR=\ 1 g fe 


we will obtain the following notation for the components of the spintensor 





Pago: 
Cp 

oo Ol 10 11 

6 BP a@ ¥ 

T fb A ¥ 


Proposition 6.9. First structural Cartan equations of the Ag geometry 
coincide with the "coordinate equations” [40] 
wot wot. = pO +t woh 
Paal on - Pont ag =" *(Toaon COR - Ppoaslon) + 
+eRs (PF 


abpoT as ~Papeatog) — (6-128) 
in the Newman-Penrose formalism. 

Proof. We will write the structural Cartan equations (A) of the geometry of 
absolute parallelism as 


Poa ‘h 
9opF ag ~ Palen = (Top)a lps + Cano) a 
—(Taple’ ebay - ha(TE,)" 5. (6.126) 
Using the relationship (6.123), we will represent the equations (6.126) as 


cai cai _ PO cai vat 
obl ag ~ Fablon =~ (e (Ppachlo8 - Proaplop)+ 


BS Le gt ee 
+ O° (Tee nolag 


g 


T npgatya))- 


It is easily seen that these equations are equivalent to (6.125). 
We now write the well-known decomposition of the Riemannian tensor Ay jim 
into irreducible representations 


1 
Rejtm = Cijkm ~ 29 ti tebt ra] 3] a 3 ftFilm I a7 (6.127) 


where Cyjrm is the Weyl tensor (10 independent coordinates); A;; is the Ricci 

tensor (nine independent coordinates); A is the scalar curvature. The spinor 

representation of these quantities using the Newman-Penrose formalism looks 
like [43] 

Coy im & Wanoptasfan t faptoDY asans (6.128) 

fiz; 28 545 t OfaBe ag, (6.129) 

R= 24A, (6.130) 
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where spinors Wagon and $,,45 have the following symmetry properties: 
Vasco =Vasenp), Papas = PapyaB- (6.131) 


By definition the spinors Wascp and ®,, 3,5 are transformed following the 
D(2.0) and D(1.1) irreducible representation of the groups SL+(2.C), respec- 
tively. 

If we now put in juxtaposition to the Riemann tensor Ayjzm 4 spintensor 
following the rule 

Fiijim O Ha insoepn: 


then in terms of the spinors (6.128)-(6.130) it can be written as 


Kaipboopd = Vascn’ jpfap t+ easton ¥ agen t 
TP apanteD’ ig t Pond BeABegn t 








+24 factaDpe antan + 
+eapeope jpeg): (6.132) 


This spintensor being skew-symmetric in the pair of indices AA and BB, we 
will write it as 


l — 
RaszcapPré = g(eeeRacabrd + tachgznsrd)s (6.133) 
where 
1 Ba 
Racpsrd = 3° Rasa rd: (6.134) 
R soe AG woe a, 
Rasppro = 3° Agsoanpra- (6.135) 


Substituting into these relationships the equality (6.132) gives 


Ruonprd = Yacpresg + Pacgperp + Atgglecptar + fapecr), (6.136) 


ii 


aapapo = ©DPVassat Pgapntop + AfoPless fad + fmpegg)- (8-187) 








Proposition 6.10. The second structural Cartan equations (BSt) are 
equivalent to the equations [40] 





Vacpregs + Pacgeerp t Atgglecntar + 
t+eaptor) — Anal gore t+ Opel acng + 


PQ . . . . . . 
+e “(Papnsloors + Paopslopra — Tappa? oops - 





-Paops Po roa) + 


+e""(Paopal sgar—Tacrs! agp) = 5 (6.138) 
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in the Newman-Penrose formalism. 
Proof. We write the equations (Brt) in terme of the Carmeli matrices 


5 
Reang = nel pe - Opal ng — (Pose Psa - 

~(P 35)" eT ep + (Ppa)p Psat 
+(Toe)" Poa t (Pee Taal. (6.139) 


Using the relationships (6.123), we can represent the equations (6.139) as 





vi Tt 


oe . . . . s : ae 
Racraps ~ Png? acer + opie AGDSB +P POR ACSE 
wr 


., __psS__, a cae 
+P papl aorR -T pre! acsB -f Ber! acpR 7 





PO . . . yo 
+e (Pappalo OFE — Pappa! oops) ayy 
or as 


Aacraos — ons? acer t Pnplacns + eP@ (Papnalo oret 
t+Pacpslonrs ~ Papraloons ~Paopalgrna)t (6.140) 
+e" (Pacna? spar — Pacra? sgep) = % 
where we have introduced the spinor indices in the matrices Ay; and Ts 
following the rule 


wo. woe k n 
Rason > Agpagon = erin gel ops (6.141) 
Pas OP onag =Topitgg- 


Substituting into (6.140) the relationship (6.136), we will arrive at the equa- 
tions (6.138). 

epintensors Vasog and $,,4, have the following notation for their com- 
ponents [38]: 





Vascr = (6.142) 
Papce = (6.143) 
A=A, (6.144) 


Using the relationships (6.114), (6.115), (6.124), we can expand the equations 
(6.126) of the Newman-Penrose formalism component by component to arrive 
at the equations (A.1) — (A.8) plus the complex conjugate equations. Using 
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the relationships (6.142)-(6.144) and (6.114) we also can expand the equations 
(6.138) of the Newman-Penrose formalism componentwise. We will thus end up 
with the equations (B*t.1)-(B*t.18). 

The spinor counterpart of the dual Riemann tensor 


* 1 
Rijim= 58km  Hijsp (6.145) 


can be written as 


*e . — 
Raissoopn='(eaztco¥ agzap — Vazoneystep— 


Pon igeaBe ag t+ Pagantopeagt 


+2A(eacesne agi pa + CABECDE ASE RD))- (6.146) 
It follows that 
woe ep POR ee ee ao. 
flagcigr= 3 “Aasoohepro = -*(-eg 54 goert 
tear® yoga t Atgalfazecr + crear); (6.147) 
also 
: l oF . — 
Ragobeo= 9° Hascbebrd =! (cac¥aneo- 
-238 sons + Aeacl®p segs + eaeend)) . (6.148) 


The dual Weyl tensor Cijkm corresponds to the spintensor of the form 


* * — 
Cijim OC sipsoepn= easton Y ggg — Vasop’ ig ap): 


The self-dual spintensor Rysonmp Will be 


Rascher=' Rascbar= Yacer’am (6.149) 


whereas the anti-selt-dual tensor is 


.# _— 
abonbdé =' Ragoppa= facY gang: 


mul 


(6.150) 


Proposition 6.11. The second Bianchi identities (D*+) of the Ag geo- 
metry in the spinor A-basis can be represented as 


1 . FEGHRX 9 


. os RF. 
preaers pxfaschre — Vascr? Fr’ 5 — 


-3V pppaloy a t+ Opp pxtarco* + 


—x ¢ —xk ¢ 7 
+Paszal p72 ct Pappx? gc =9, (6.151) 


68 CHAPTER 6. GEOMETRY OF ABSOLUTE... 


where 


-COPEGH RX _ ~i(e%9 (RF DB .AX _ eCF eGR DH pK). (6.152) 
Proof. We will write the equations (6.79) as 


n * * En * En . 
V" Races — Reais To°"- Ragen ToW* = 0. (6.153) 
Multiplying these equations by on gives 
O°” Reachra + Reachra Vn” + 
* b aFER_ RS 
+ Rearére Top? CR — 


* pre +# PRE 4 
- Repcorg la — Reach ra ls =U. (6.154) 


Here we have used the relationships (6.94) and (6.133). Substituting into 
(6.154) the relationship (6.148), we will get 


. ; of ; PRFE PR FE\_ 
Dasch +t Apap (ccop Rea ~ 20° “Rg ach ) =4, 


where A * stands for the equations (6.125), rewritten as 


PEPR 
2 ot wi. wt 
Aasop = 2487 on — Pon? AB 


Po i i 
a (Toacse og ~ Pecos? ob) ~ 


as op _— 
es (Teapot ae- Pepa’ cs) =0, (6.155) 
and Dapos = 0 defines the equations (6.151) 
1 Loa, 
—_ _PEGHRX 5 . — 
Dagon = pres Oni hasch rm — 


—WagcrT*p" » - 3V pppaloy A +O pe 5¢Pato* + 
ak 3 at 3 ~ 
+®asxal p%c+ Panpx? 9720 = 9, 
which proves the Proposition. 


Proposition 6.12. The second Bianchi identities (6.151) of the Ay geo- 
metry coincide with the Bianchi identities in the work by Newman-Penrose [40]. 


2? sWappo — O* (ob gaya x — 8¥PRasTo)  * 5 - 
-Wasop? np + 2T ap @aprp - 


7 xv 
—P epyabacy 


fame] 


- Py ateoy 5 = (6.156) 
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PX vi com P 
3A gg A+ OP* spay — eM (Sark Tey? + 


Pp im PR 
+9 p05" Tay?) + Oppg* Tar ey + 


+@,pp*Ti pn”, =0 (6.157) 





Proof. Using (6.147) and the equality 


R a L. . FEGHRX p . 
ABCD = 9% cb ABGHFED 


we find that in (6.161) 


RE 


l . . . 
PREGHRX 
Ope hascire = Ope Hagon = 


REP 
= Op (e,*Waso® ~ egpo™.* — Aea*(eoaea™ + epacc®)) . 
Substituting this relationship into (6.161) gives 
a” .Vaspo — 0% Sa eixt 2eqcaP py pA — Vascral pr”, - 


-3Vepaalo) at Ppppxta®c* + @apxal jp? ot 
mk - 
+O a5nx¢t pg go =0. (6.158) 
The part of (6.158) symmetrical in the indices C and B can be written as 
(6.156); and the part skew-symmetrical in these indices looks like (6.157). 
By writing the second Bianchi identities (D**+) of the Aq geometry compo- 
nent by component, we obtain [40] 





(D - 4a - 2c)¥, (6 4a + 7 )Fq 
tSK. + (0 — 268 — 244 T)Po9 
—(D — 27 — 2e\q, — 2eby, + 
42061, —F8y,2 =0, (D*t.1) 





(D - 3p)¥, (64 am — 2o)¥, + 

b2KkW, + Vy + (5 — 20 

+H )Piy — (D - 27)01, — KGa) - 

F012 — Poo +701 +b. —-DA=0, (D*t.2) 

















(D -— 29 4 2e)¥, — (F430 yh, + 
tT Pog (D 2p } 2e)Po1 - 
2ub,) + 27b,, —Fbg,-26A=0, (D*t.3) 
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(9 — 47 — 26)¥1 -(A-4y74+ #)¥o4 
b3oW> + (6 — 26 + 27)bq, — (D — 2e + 95 
FP o2 — 2kPyy + 27911 

“Po, = 0, (D*t.4) 











(6 — 37 )Wy — (A+ 2p - 2y)¥, + 20%, 4 
4uWq + (64 IS, - (D+ 2F- 

PIP ia — KPa. — OQ, + TPQ 

to$o, — Abi — 6A = 1, (D°t 5) 














(6+ 28 — 27)¥3 - (A+ 3u)¥o 4 2v¥, + 
toW, + (d+ 28 + 2r)bo; - 

(D + 2¢+4 2F - PP 

281, + 20h. — Ady —2ZAA=0, (D*t.6) 











(D + 4e—- p)h, — (6+ 40 + 2a), 
tSAWs + (A+ 2y - 27+ B)Pa0 
(6+ 2c — aT Poy _ avPi, + 
42A%1, -7$2, = 0, (D°t.7) 














(6448 -— ryhq -— (AF 2y 4 4u)¥s + 3v¥, + 
+(A + 2y + 27)Ba1 — (+ 2a + 
+28 — T)ho2 — 2vb1, + Fr, 

—FEo,) = 0, (D°*.8) 











(D - 29 - 27)%1, — (6 - 24 - Ar 
tT\Pig — (6 — 27 - 2a4 WP 
H(A + 2y — 27+ w+ F)Poo 
LRP + Hb, — TPqg 

—o9o + 3DA = 0, (D°t.9) 




















(D - 2p+ 2F- Fi, 

~(64 27 - 2r)$11 — (8 + 28 - 

2a — T+ To, + (A+ 2F- 274 
+e J\Por + KPa. — FB gg 

A819 — 084, +36A=0, (D8t.10) 
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(D+ 2e + 2F - p — FP 
(6427+ 28 — r)ba1 - (6 
}2B + 2m —T)P12 + (At 2p 
20 )P11 — FPyy — vb, 
trPog +AGog + 3AAH=0. (D°t11) 























To arrive at the complete set of the second Bianchi (D) identities of the 


Aq geometry, we will have to add to these equations their complex conjugate 
(D°~). 


6.7 Variational principle of derivation of the 
structural Cartan equations and the second 
Bianchi identities of A, geometry 

To begin with, we will consider the derivation of the structural equations (B) 


and of the second Bianchi identities (D) for self-dual and anti-self-dual fields of 
Riemannian curvature, whose Garmeli matrices obey the conditions 


Faun = +1 Run: 


Rt, = +! Ria, 
where 
Rin + 2V Pay _ [Ps Pa] = O, 
Ri + 2V nT a - [Pt Te] =, 
and 


* 1 
kn = 2 ehnps Fips } 


; 1 Enpa 
Ri, = 3° P Ry,. 
Let us take the Lagrange function in the form 

Ly= -7(-9)7Pr( Rink) + complex conjugate part. (6.159) 
Varying this expression in 7, and Ty, we will arrive at the equations (D) 

V" Ren t[Ren 2") = 9, (6.160) 

VRE +(IRE Pt] =0. (6.161) 

For arbitrary fields of Riemannian curvature the Lagrange function looks 


like 


1 * 1 
baa -5(-9)°Pr (i "(—Rin — 2¥.7,)+ iTs,Ts))) + c.c. part. (6.162) 


72 CHAPTER 6. GEOMETRY OF ABSOLUTE... 


Variation of this Lagrangian in Run and At,, yields the second Bianchi iden- 
tities (D) 


vy" Run +[Ren, PT") = 0, (D°t) 
V" Rt, HARE, P= 0. (D°-) 
On the other hand, variation of the Lagrangian (6.162) in T, and Tt, gives 
the second structural Cartan equations (B) of the A, geometry 
Ren + 2V 42a) -— [Pri Pa] = 9, (Bet) 
Ry, + 2VpP5 - (Py. Tt] = 9, (Be) 
and 


1 
fru be 


pay 
m+ 1 knps pt 
H kn = 3° Fins. 


Independent variables in the Lagrangian (6.162) are the quantities Ay, , Rt, 
T,, and TY. To obtain from them using the variational principle, the first 
structural Cartan equations (A) of the Ay geometry 


Vio! - Pro) - ohT it = 4, (A*) 


we will have to introduce into the Lagrangian (6.162) as independent variables 
the matrices o*. This can be done by modifying the Lagrangian (6.162) as it 
has been done in [49]. 

We now write the equations (A),(B) and (DP) in spinor form : 


(A) A agen =% (6.163) 
(B) Brracns = 04+ ¢.c. equations, (6.164) 
(P) Dagon =O4+¢.c. equations, (6.165) 
where 
Algon = %ab[ an ~ Feb! ab ~ °° (ToachloR - 


wot RSP. gt 
-Troaglop) & (Peanolas 





—Peagalog) =% (6.166) 
Bacraos = facreos — %nel acer t Opp acng + 
PQ 
TE “(Papnaloors T 
+P acpsloprs — Paprato GDB — Paces orns) T 
RS os os - 
te (Pacprl ssar — Pacrpr? tagn) = % (6.167) 
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l FEGHRX 
Pasod = prerers Snittasaire ~ 
-WapcrT*p” 5 - 3VepaaToy™ pt 
: ak & mk ok - 
+P og pxPa®o* + Pag xal a ot Go5nxt ge o= N) (6.168) 


and consider the Lagrangian 


L3=R Fg hokn (cov.rass +2? pants’ x)- iRara’ | +c.c. part. 
(6.169) 
Here R By teke = ethim RE AO in and e™2"™ is a completely skew-symmetrical 
Levi-Chivita symbol. : 


It we take RE ,AQkn and Ppa, to be independent variables and use the 
conventional variational procedure, we will obtain the following equations: 


1 : . . 
(Bt) SRgpa® in ~ 2V pT asin t 2Peapl iain) = 9, 6.170) 
(B°~) complex conjugate equations, 6.171) 
5 ae : r , Pk_oy 
(D r) v Azoa One 2 Apdta marries =4) 6.172) 
(D°~) complex conjugate equations. 6.173) 








Multiplying equations (6.170) by oo4*7 pp” gives 


.pP 


P PACD* BRE 


P 
pan? 


— Fae on") =O. (6.174) 


Pmalagch — oblapret+ Traps 


1 


P 
~ gftsda raop tPasloplt re” 


Using the notation (6.166) and (6.167), we will write (6.174) as 
Baoraps + A’ oprgl aan =. (6.175) 
We will now multiply (6.172) by o,,," to get the relationship 
a"" R BOA obaRt fizéa ° perv On? + 
a n PERS 
+ Rada‘ péerl" pO OO a 
. 3 PFE ¢ 3 PRE | 
~ figap ‘opmpla - fipga ‘ oppRlB =U (6.176) 


or, from (6.166) and (6.167), 


OPREF _ 


fame] 


PES , 0 .EF)_ 
on Agoa “on )= 


(6.177) 


. 1 * 
‘Dasch tArepr” (Fe.08 Fizaa 
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Here we have also used the relationship 


4 7 . 

Rada coer = *(2Veacrepg — 2orPagpg t Ae gg (eareact 

+escear)). 

It is clear that from the Lagrangian (6.169) it is impossible to obtain the first 
structural Cartan equations (A) of the Ag geometry, since it does not contain 
Tar”. 

Let us add to the Lagrangian (6.169) the term 

ABCD 4j 
AP Ad gon (6.178) 


where the quantities ABCD play the role of Lagrange factors 


_ ABGD 47 
La = Lata; A’ gon +c.c. part. (6.179) 
The quantities aseen , just like Al sags are Hermitian matrices, which are 


skew-symmetrical in the pair of indices [49] AB and CD. Varying the Lagrange 
density (6.179) in o9,4* gives [49] 


i _ 7 - 
Aascp = ° (6.180) 
and 
PROX ya 7 yk - 
Dapoh =%% Crp Ad gE ~ AakPR)o Gp = O- (6.181) 
bince AT SPR are Hermitian matrices, from (6.181) we have the equations 
(Dr) 
Dazop = 0. (6.182) 


Hence varying the complex conjugate part of the Lagrangian (6.179) gives 


Dison =0- (6.183) 


and of the Lagrangian (6.179) in RB, Ok gives 


Bacraoat A’ cprg? ape = 9 (6.184) 
or, from (6.180), 
Bacrang = 9: (6.185) 
Variation of the complex conjugate part in Ro Adkn yields 
Bacrans = 4. (6.186) 


It has thus been shown that from the Lagrangian (6.179) follow the first and 
second of the structural Cartan equations of the A, geometry (equations (6.180), 
(6.185) and (6.186)), and also the second of the Bianchi identities (equations 
(6.182) and (6.183). 
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6.8 Decomposition of spinor fields of Ay 
geometry into irreducible parts 


The torsion tensor Qe; ofthe Aq space has 24 independent components, and 
it can be represented as the sum of three irreducible parts as follows: 


i 2 i 1 n te mat 
Orin = rates + zeke? + ois (6.187) 
where 
We = oT ge, (6.188) 


and the vector {,, pseudovector oF and the traceless part of the torsion een 
are given by 


2; = 2), (6.189) 
Q; = FE jin, (6.190) 
54 = 4, Qs + D556 + 0; =U. (6.191) 


In the spinor basis the spinor representation of the Ricci rotation coefficients 
Pascoe has the form [40] 


1 1 
Pasco = 2 (Assos + gieact ae + enot 45)) , (6.192) 
where the spinor Aygo is completely symmetrical in the unprimed indices 
Aasog = Avanayés (6.193) 
and the spinor aq is given by 


aa = Aap se. (6.194) 


In turn, the spinor a4 can be decomposed into the Hermitian and anti- 
Hermitian parts: 





Cad = Kad — thads (6.195) 
where ; ; 
Rag = G(4aet Fic) Hag = 5% - Fae) (6.196) 
and 
Raa =Fag=od: Bad = Bad = tod: (6.197) 


The irreducible parts of torsion (6.189}(6.191) and the spinors (6.193)- 
(6.197) are related by 
Qs Kady (6.198) 


Rs — beads (6.199) 
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—k . 
is > Aazce- 6.200) 
Since 
Qik = Fae Ohey 6.201) 
we have 
Qadgace > Qije, 6.202) 
1 aa ra 
Ga ipsod = 7(M@asce’ as + QupagtaB)s 6.203) 
asc = Acrasya + Fa a€ Bc: 6.204) 


By definition, the spinor A,gog is transformed in the D(3/2.1/2) irre- 
ducible representation of the group SL(2,C). Consequently, the spinors &, 4 
and jig are transformed in the D(1/2.1/2) irreducible representation of the 
group SL(2.C). Using the relationship (6.124), we can find the components of 
the spinors, and uy [50] 


K = ( 3(¢ p+ B)— g(EtE) 5( 
Lir-B)tHa-m) 4 

wag { Fe-BM- 2-2) 3(r-8)- -7) , 
mac” ( Lir_By+h(a—m) Py-W- Hu-D ). (6.206) 


The Riemann tensor represented in terme of irreducible parts is 





T+ B+ (8-7 
Yt FA - sH+E 


), (6.205) 





BA 





1 - 
Hijtm = Crjem + gph; + Gite} + ZAG tm Fe;- (6.207) 
In the spinor basis this becomes [40] 


Raizacenn = Vapcpeigtap t 
teaseco® isan + Papeptope ig t 





+P on ipeaBega t 2A(eactane ig ean t 
+eapecpe as esa): (6.208) 


We also have the following connection: 


Cijkm > Vascneagtan + fasecoY agans 
Ry 9 28 pap + 6€aBe aps (6.209) 
Ae 24, 


where the spinors Fagen, Pagapj and A meet the following symmetry condi 
tlons: 


Vasco = Vasco), Pagan = Paayady ASA 


and belong to the D(2.0), D(1.1) and D(0.0) irreducible representations of the 
group SL(2.C), respectively. 
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6.9 Spinor set of Einstein- Yang-Mills equations 


In the first part of the book it was shown that the structural Gartan equations 
of the geometry of absolute parallelism (A) and (B) can be represented as an 
extended set of Binstein-Yang-Mills equations 


Vee" + Types = 9, (A) 


. Fijm — 39jmAt = VP jn, (B.1) (6.210) 
CO jim FAV EP lm t 22ST jim) = YT jem (B.2) 





We will write this set of equations in the spinor basis. To this end, we will 
make use of the Garmeli matrices and the Newman-Penrose spinor formalism. 
Suppose now we have the right spin A, geometry, then its equations (A) and 
(B) have the form 


wat, wqt fe yet, 
PapT aa — [aB7on = (Poa)arps + 


tone(TS 8 -— (Lasloeps — Coa(T Ey )b (A°*) 


Rasen = %opl ag — Paal oh — (Top)al rs - 
-(Th, Blaze t (Lapel en t (Pt elon +[PassPos], (B*) 


where the components of the matrices Ca 


(6.115), (6.88) and (6.103), respectively. 


Tax and Ragop are given by 


Proposition 6.13. Equations (B.1) in the spinor basis are 
29 wean t+ Afapeag = Ta aen- (6.211) 


Proof. In terms of the irreducible spinors (6.209) P— O the components of the 
spinor matrices Rygop are given by [61] 


(Ragone? =fAs (Fear? — A(epody + epada)) + ecabp? aa, (6.212) 


where 

(Cazop)P° = epg ¥car® (6.213) 
are the P — QO components of the spinor matrices of the Weyl tensor with the 
the componente 


y —¥ yy, 
Coins = ( u, _y, ), Cina= ( v, _y, ), 
VV, -W, —-W, Wy, 
Cina = ( vr, —¥, ) » Cadi = ( _v, 4, ) : (6.214) 


and related with the spinor Acaslepad4o + epadc®) and eaaPp? ae are the 
trace and traceless parts of the Ricci tensor 


Acapeas = Go ado wb RG ens (6.215) 
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lon 1 
Pausch = 3° ac? BD (Fis - itnsR) . (6.216) 


Substituting relationships (6.215) and (6.216) into (6.211) and multiplying 


the resultant expression by g4%,07,, we arrive at the equations (B.1). 


We now represent the matrix Aygo, a8 the sum 


Rasch = Cason t+’ agen: (6.217) 


where the matrix current J,o, has the components [52]: 


1fo 0 Lf/o —LP 
Joiod = $ (ap a hiw=5( 4 é ), 
Ta. L ( Fiioa = —Fodoa ) 
sa 2 Fina —Traoa , 
lf Pons —Potet 
Fil = 5 ( pe ) (6.218) 
tii oii 
Frins = = ( Fins ~Poins ) _ = ( af ° ) 
2\ Fini —Prios 2 Oo -—P }? 
Fist = i Prios = —Foins )+ ;( 30 S ). 
2\ Piai —Prios 2 U ef 
Here 
& n 
Tasca = ad?" Bolin (6.219) 
P= gD sy (6.220) 


and the energy-momentum tensor Ty, igs given in terms of the Ricci rotation 
coefficients by 


2 i tomes 
Pim = “py LV pL ten + PoE ij |] 7 
1 pr i toms 
ah Gim (VeaPibiay + TT iin) . (6.221) 


In the special case where the field T yy is skew-symmetric in all the three 
indices, the tensor (6.219) is [33] 


il 


T. 
am v 


(0/0, - stint, ; (6.222) 
Multiplying this by o/ ,40,, and using (6.199), we get 


: 1 PO 
Pagad = y (wastes — 9 fackgpleot ) . (6.223) 
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In addition, we obtain 
la ai l PO 
P= GPP iy = ——2 = --ppgu’™. (6.224) 
v woes 
Hence the “density of spinor matter” is 
p= —Sahpo Hh? (6.225) 


We substitute (6.217) into the spinor equations (B*t) go get 


2 anon + Acazeeg = /P gaga: (Bet 1) 
F F 
Cason ~ Pop ag t+ Faalon + Pon)al rs t (TF og? ae 
—(Tag eT pp - (Tt Jel ox - [Pam Pon] = -’Fagcn- (Bt 2) 


To conclude, we will write the extended set of Hinstein-Yang-Mills equations 
as 


9o6T%g ~ F48% op = (Poplars + Cup(Paolg- 
~“(Pasle? rp ~ Pon(T Ed 


29 apap + Afapean = YT acaa, (Be 
Cason — Poplag t+ Paalon + (Top)al rs + (TH BT ap 
(Pagel en - (PEEP op - Pass Poal = —¥ Fagen: 








where the spinor indices take on the values A,B, D...= 0,1, A,B,D ...= 0,1. 
6.10 Formalism of two-component spinors 


We will introduce the two-component spinors o* and ¢* [53], connected with 
the components of the spinor dyad ce as follows: 


Hat, (6.226) 


a,8...=0,1, 4@,8...=6,1. 
From the orthogonality condition for the spinor dyad 


ene = l, 
Ege, = —€n65 = 9, (6.227) 
ere, = 0. 


ene — &hen = 68, 
faep — babp = fap, (6.228) 
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where 
of e.. = ? yt 6.229 
Eqag = & f,p= 8 too}: (6.229) 
we derive the normalization condition for the two-component spinors 
0,67 = -t,0% = 1, 
o%0, =-o,0% = 0, 172, = 0, (6.230) 


and also the relationships 


eth — 9% PF _ Le aF fag = Ogle — Bla, of =o," — 2,08. 


Spinors o* and ¢? define the components of the Newman-Penrose symbols 


(6.6) 


: 


Og = OL gedee (6.231) 
as follows: ; ; 
ot. = oi gore =i, oF; = ogee =n', (6.232) 
on. = a1 gor =m, of. = ot ee oF =F. : 


The vectors ', n', m' and 7 form an isotropic tetrad. The conventional 


tetrad e', can be made up of the vectors of an isotropic tetrad using the rela- 
tionships 


eh = (2) 12 +n) = (2) 20! ,(080F + 87"), 
e1 = (2) 7 (m' + mm) = (2) N20! (08 + 120"), 


eh = (2)71Fi(m - Wi ) = (2)-*?o% .(ostP - Loo), 


ef = (2) 44 — nt) = (2) 70" (008 — .* TP), (6.233) 

Using the relationships 
Pack = xf) on Vilage (6.234) 
Vig = og Vi (6.235) 


we find the following expressions for the components of the Carmeli matrices 
[54]: 


-K=0 ag oI V 


af? 
—pHe a oI V apors 
~¢ = ot PoIV aply 
—7 = 8 oY aeROW 
—y = ty open 


-f=0 ee Y pers 


= 8dF TV oper) 
—T=0 aD TT | Bt 


4 
~¢ = 0°07 ape 
-B=o0 ath ytY BOW? 

—yse aot aphy 


-G@=et eG oT, peas 


(6.236) 
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Y= V app 0% oP 0X8, V,= V ps0 oXs? 


Vv, = Ty pyp0% oP ikeh , v;,= T pap ot Pix eh , (6.237) 
Wa = W app etPire?, 
Pon = Bo = OL 6,30 a ohGkD? Por = Fin = F630 woh ake, 
Pao = $, = op a Bx Zo aohTXT Pi = $14 = ph? a PoxT (6.238) 
$,,= 6, = ape Ze a Pri Pag = Bo. = Oo 5,544 Prict. 
It follows from (6.236) that 
V gita = WOqGg0y — HO,0gT, — Boar gry + E0qtgTy— (6.239) 
~The Ogdy + Platgty + Tlatgty — Keatets, : 
V ita = UOgAgdy — AdgQgly — Ogi gty + MAglgly— (6.240) 


Fla AgOy + Algdgty + Plalgty — Elatgty. 


The components of the spinor derivative (6.114) can be represented in terms 
of two-component spinors as 


D = 0° FV A=- PV a 
ON aps _ mt (6.241) 


d= -o “PY og : =e “by, 


In the formalism of two-component spinors there exists the so-called mad- 
ified formalism [53] that takes into account the "primed” symmetry of spinor 
quantities. This symmetry allows the replacement 


ot + te, * + tot 


—4 ead (6.242) 
o* 4-10", +> -in8 


where the unprimed quantities are replaced by primed ones following the rule 
(Yan, (Yam, (yam, (y=", (6.243) 


y= —K, A= -0, B=, 
6.244 
ta=-T', a=—-f, y= -er. ( } 


This symmetry property makes it possible to replace in (6.236) unprimed 
quantities by primes ones 


—K = Ttof OTT apeyy C= Te oF pty 
—pHe ag ot V apy T= oo Boys 


—g=o0 anh ot V -€=0 ape ,7V. 


apn apn (6.245) 
—7 = uF oVY eho —B = o* Tey ahOW 
= eV phy eat CP OTV ater 


pi =o oF peas Brae *OP ONY ply 
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Here instead of 12 spinor coefficients we have only six. 
The most general transformation under which spinors o7, ¢* and the condi- 
tions (6.230) are retained is 


o* 3 Co*, o*§ 3 Ot, (6.246) 


where C is a complex transformation that forms a subgroup of boosts and 
three-dimensional rotations. The components of the isotropic tetrad (6.232) 
vary under these transformations as follows: 


oA, myo Any mo em, 


A=CC, e#=ct™. (6.247) 
We will now define a scalar quantity with the following properties: 
7 >aCPG fy. (6.248) 


This quantity is said to be a spin and boost weight scalar of the type (p,q) 
[53]. It follows from (6.246) that the components of the spinors o* and 1° are 
scalars of types (1,0) and (—1,0), respectively. The components of the isotropic 
tetrad will be 


Mr (1,0, 86: (-1,-l,m': (,-1), mw: (-1,1). (6.249) 


In respect of the transformations (6.247) all the spin coefficients (6.236) can 
be divided into two classes: 
(a) quantities that are transformed in a uniform manner, e.g., 


o + (Co®\(E T)(Co*)Va5(Cop) = CC 0; (6.250) 


(b) quantitites that are transformed in a nonuniform manner using deriva- 
tives of C, e.g., 


=-1 


B> (Co VC T)(C* FAW aa (Cog) = 
=CO CB +E 8 FV 630. (6.251) 


If we take into account “primed” symmetry and spin and boost weights, the 
main spinor quantities become 


« 2(3,1), g :(3,-1), p:(1,1), 7 :(1,-1), 
Ko 2(-3,-1), of :(-3,1), of 2 (-1,-1), 77 :(-1,1), 


y= 0:(4,0), Fy = WS : (2,0), 
¥, = 0,:(0,0), Ys = ¥, :(—2,0), 


¥, = Wy :(-4,0), (6.252) 
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Pag = Fy = $5, (2,2), Po1 = Pio = Pi, :(2,0), 
Pao = Poo = $i, :(2, —2), Gig = 1 = Pi, 2 (0,2), 
$i =i = oi, :(0,0), Pi, = a1 = oy :(0,-2), 
Bag = Bog = Py 2 (-2,+2), Bar = Piz = &), :(-2,0), 
Boz = Pay = Pog :(-2,-2), 
A =R= A! = R/24: (0,0). 


For weighted quantities we will introduce new differential operators, such 
that their action on a scalar y of the type {p,q} is defined as 





Py =(D-pe-qt)y, Py =(Atpe’+ ae )n, 


= = 6.253 

On=(5-pB +06 n, On = (5+ vB - aB)n. (°-285) 
Operators (6.253) have the following spin weights: 
P:(1,1), a:(1,-1), 

P’:(-1,-1), 6" :(-1,1). (6.254) 





In terms of (6.252) and differential operators (6.253), we can write the spinor 
equations (B*t) in a simpler form [53]. Shown schematically in Fig. 6.1 are 
the boost and spin weights of the main spinors of the Ag geometry. 
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Figure 6.1: Boost and spin weights of main spinors of the Aq geometry 


Chapter 7 


Construction of solutions to 
structural Cartan equations 
of the geometry of absolute 
parallelism 


7.1 Selection of a frame of reference and 
specialization of Newman-Penrose symbols 


The structural Cartan equations of any geometry describe the general con- 
nection between basic geometrical characteristics of a given geometry. A special 
solution of structural equations determines specific geometrical quantities, such 
as the curvature, connection, metric, etc., characteristic of a given specific solu- 
tion [55]. For simplicity we will investigate the structural Cartan equations of 
the A, geometry 

Vine im] — 8 Pam] = 8s (A) 


Fo btm FAV El my t AP ee P alm] = Os (B) 


written in the vector basis, for their compatibility. These equations are essen- 
tially a systern that in the general case includes 44 (24 equations (A) and 20 
equations (B)) nonlinear partial differential equations of the first order with the 
following unknown functions: 


(a) 6 components of anholonomic tetrad 





e, = Van"; (7.1) 
(b) 24 components of the Ricci rotation coefficients 
vine? = ef, Viney (7.2) 
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(c) 20 components of the Riemann tensor 
FB shan - (7.3) 


Thus, in the general case we have 44 equations for 50 unknown functions. 
This gives us some freedom in choosing a reference frame <x‘, of the tetrad e',, 
and also of the quantities T%,; and A%4,,,. Therefore, search for specific solution 
to the set of equations (A) and (B) should rather be referred to as "constructing 
solutions.” 

When constructing solutions it is convenient to represent the structural Car- 
tan equations of the geometry of absolute parallelism in the spinor A-basis in 
terme of Garmeli matrices 


998018 — 2aal on = (Lob la loa + Cua(Pio)a- 
~(Paale?o ng ~ Toe(T Ea) a, (4") 
Reang = Ong? pa - Orel ng - (Tog rT sé — (TE)? a2 ppt 
+(Pra)o sé + (Pp wal pet [Prz.T pg). (B*) 


where the components of the traceless 2x 2 matrices Apang and Tp, aretound 
from the relationships (6.88) and (6.103). Let us now find the Newman-Penrose 
symbols via the spinor representation of the invariant Haiashi derivative 


Cag = Vaart! = Fap%', (7.4) 


where the components of the spinor derivative 0,5 are denoted as 





B 
Alo ol 
o45= 7.5 
w= th (75) 
1}é A 
From the relationships (7.4}-(7.5) and 
B 
: 0 1 
o aB (7.6) 


Pa(¥°V,Y2,¥%) m= (é,0,2,2) 
ma(EwE VE) ni =(X°U,X2,X%) 





we obtain 
P=] De, nt=Art, made’, W =ér', (7.7) 
and alsa 
¥° = De", X= Ac", é" = br" ay = 


v= Det, U=Asl w= dst o= ae 
a (7.8) 
¥? = Dz’, x2 = Arc? ,@ = 5x2 = bx? 
¥? = De®, X? = Ac? € = 603 F = Te 
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From the equality 
Gap = [48 Vi= Cas i (7.9) 
and the relationships (7.5) and (7.6) it follows 








D="V,, Aza=n'V;, 6=m'Vi;, 6=mV,; (7.10) 
or 
g a O 
D- Von tT" ae 
g a @ 
Aa Vag tA aga 
g g 
é6=w——-+eé" 
ere +é ace 
= g =< @ 
4= Y—— — 7.11 
"agi +6 aye? ( ) 
a = 0,2,3. 
Using these relationships, we write the vectors that make up the matrix(7.6) 
as 
PoVél+¥e6s, 
ni = Udi 4 X68, 
m! = whi + E84, 
w= ws +e dt. (7.12) 


From the orthogonality condition for the Newman-Penroge symbols 























AB Lj 
oF 04g = 8, (7.13) 
oP ot, = 64068 5. (7.14) 
follow the orthogonality conditions for the vectors (7.12) 
if'=mem' = mam = n,n a, 
int = —m mr = 1, 
Lom’ =a = nym = ng = 0. (7.18) 
And from the formulas ; ; 
Gj = acta ofF gee, (7.16) 
fo9o= 11 =9, #1 =—-1, fio=], 
gla + Pat — mine — mm. (7.17) 


Vectors that meet the orthogonality conditions (7.15) are null vectors and 
in physics they are normally associated with propagation of radiation (i.e., with 
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matter that has no rest mass), where concepts of wave fronts, waves, rays, etc, 
hold. In the process a family of null hypersurfaces w(c') =const is introduced. 
We willtake the vector /; to be orthogonal to these hypersurfaces 


i= ty. (7.18) 


Further, we will select the coordinates so that [60] 


i=] 


go = ty, 
c+ =r, where r is the affine parameter along the null 
geodesics 
22, (7.19) 
x, where +** assign numbers to rays on each 


hypersurface and are constant along the rays. 


When selecting the coordinates, the vector /* and /; look like: 


ty = ty = a = by, (7.20) 
. dg dx* . 
f= — = —= j;' 7.21 
dat dr * ( ) 
ar 
f= (0,1,0,0), i; = (1,0,0,0). (7.22) 


From the orthogonality conditions 


it follows that 
n= (1,U,X?,X°*), 
m' = (O,w,é, 2"), (7.23) 
and the relationships (7.11) become 





a a 
D = Yy — = 
act ar’ 
a a a a a a 
A=U—¥+4 —¥4X%¥_—, = — + U— 4+ XP, 
art ' grt! ach Ou t ar t acF? 
a a a a 
rs Ts 
a 6 8 a 6 8 
d= 7¥— —s = Vv 7.24 
Var ts ane a act! (7.24) 
b=2,3 
Moreover, the vectors (7.12) will be given by 
Br _ éy', 


ni = dg + U6; + XF65, 
m = wy! + ePos, 
mm = wi + Psi, (7.25) 
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6 =2,3. 
Since 
r gh, g'* 6} g? bt, 


the metric tensor has the following structure [56]: 








ood a a 
; 1 11 12 13 
ik g g g 
= 7 . 7.26 
g a gt g?? g28 ( } 
0 gt? g2% 43? 


Using the relationship (7.17) and (7.25), we get 


g?? = 2(U - ne (a) 
26 VF _(goy+ F b 
—_ “ (ort ies ) (7.27) 
g ~~ (E € +€ € )s (c) 
YO,6= 2,3. 


As is seen from the above reasoning, the coordinates (7.19) selected and 
the specialization of the Newman-Penrose symbols using the relationship (7.18) 
made it possible to us to derive the dependence (7.27) and the general form 
(7.26) of the metric tensor g'* of the Aq geometry. 


7.2 Specialization of the spinor components of 
the Ricci rotation coefficients 


The spinor structural Cartan equations (A*) and (B*) of the geometry Ay can 
be viewed as a matrix of possible geometries of absolute parallelism that differ 
in specific set of spinor geometrical characteristics. Therefore, we will assume 
the solution of the spinor structural equations (A*) and (B*) (in this reference 
frame) to be a set of variables consisting in the general case of: 

(a) 6 independent components of the Newman-Penrose symbols 





ot gs (7.28) 


(b) 24 independent spinor components of the Ricci rotation coefficients 


Pass Thy (7.29) 
(c) 20 independent spinor components of the independent spinor components 


of the Riemannian tensor 





raf Ff 


Bane (7.30) 
that transform the equations (A*) and (B*) into identities when substituted 
into these equations. 


ABCD} 
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In our search for solutions to the structural equations (.A*) and (B*) we will 
rely on the symmetry conditions, and also on physical arguments, e.g., we will 
subject the Riemannian tensor to the conditions of Einstein’s vacuum 


Ry; =0, (7.31) 
which can be represented in terms of Carmeli matrices (7.103), (7.214) and 
(7.217) as 

Rago = aaca =9- 
We will now consider the limitations that can be imposed on the components 


of the matrices (6.88), using physical reasoning. To this end, we willturn to the 
relationship 


Viros = ((Pas)bois + oa(TE 2) of® (7.32) 
or . . | 
(Pasloopp + Con Ph,)5 = Vee op lan: (7.33) 
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From (7.6), (6.88), and (7.33) we get 

(7.34) 
PYLE = (e+ — km, — am, (7.342) 
nk = (yt — Tm, — 77, (7.340) 
m* Vt = (&+ BM — am; — om, (7.34¢) 
mV = (a+ By — pm, — Tm, 7.34) 

(7.35) 

MV int = —(e F\n' Lam, TH, 7.35a) 

n* Vian = ¥4 F)nt Lym, 4 TWF, (7.35) 

m* Vin = -(@ Byn' um, + Am, 7.35c) 

m'Vant = -(4+ Bn’ + De, + Am’, 7.354) 

(7.36) 

PV pm = fe F\m' +7; - Kn, 7.36a) 

n'¥ym' = (y- Fm! +i; - rn, (7.368) 

m*¥am' = (B- ym +My — on, 7.36¢) 

Vm! = (a — Bym' +7; — pn’, 7.36d) 

(7.37) 

MW at = (F -— e)r + al; — Fn’, 7.374) 

nV me = (F- yr tule, (7.37) 

mV Ft = (@- By + uly — Tn’, 7.37) 

Ve = (B- aye + Aly — Tn’. (7.374) 

Further, using the orthogonality condition (7.15), we have 
K=Vilim'lh, v= Vann’, p= Valimim', 
w= —-Vynmim'®, o =Vialim'im*, A= —-Vinimm, 
T= Vidimin®, T= —Vingal®, 


(7.38) 


1 . . 
a= gt Valin Te —~ Vim"), 
1 . . 
B= Viinim® — Viamgnim* 1 
2 


l . . 
y= 5(Valinin® - Vimn'n*), 
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c= =(V link — Vamre ly, 


On the other hand, we can write (7.32) as 


Vilj = (y+ Fels 
Them; Thy; t (€ t Eyngl j FM Mh 
Kn, FR; — (a + Birngl; + Trpmyt 
+ pimp Fy — (+ BY Fal + 
TPT IH; + OFF TF; 

















Vuny = (y+ Fang tvlymyt 

rl ,Fr; -— (e+ E)n uM; + re pmyt 
+n. FH; + (a+ B\mynj- 

— Aram; — Tem, ay + (F+ Bryn; — 
— TR, My — AFFE RFF; 





Vir; = (y - Fume; + Fiyly— 
—Tlynj +(e - E)nymy + Wrylj- 
—Kny nj + (F- B)rym;— 
—femyl; + prman; + (B - a lmym;— 
—pm yt; + OF, 








Viney = (F- yy TH; } byl; Tin; } 
+(E - e)ny iH; — TM yl 5 
—Fnpnj t+ (a — Bym,i;- 
— hl; + Pn; + (BO - Wy; 
—Arnyl + OME; , 





Alternating these relationships in the indices & and 7 gives 
Veal) = — 28 (eng — (F — @ — BY) 
(7 ~ & ~ BNF — Rrprey — KM + 2S(p) MEA}, 


Vier = —2R0) ery — (7 - @ - Beg y- 


(7-2 —- Bay my t+ viymy — Wy) + AFT 5, 


Very] = -(7+ T Met jy + (219(y) + FE) fram jy 
+P + (2S(e) — p) amy — ony — (F- P)mp MR, 


Vier = —( + Tier + (28S) + eV ey t 


+ApT;] + (-21S(e) - P) ey My -— Trym, - (@ - B)Mymy. 


(7.39) 


(7.39a) 


(7.390) 


(7.39) 


(7.394) 


(7.40) 


(7.404) 


(7.400) 


(7.40) 


(7.404) 
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Convoluting the equations (7.39), we arrive at 









































(7.41) 
Vil® = -(p +Pitets, (7.414) 
Vin® =-(74+- A+ e+, (7.41b) 
Vim® =-7+7-T4+8, (7.41¢) 
Vit =-a+e+F+6. (7.414) 


Relationships (7.34)-(7.41) appear to be quite useful for the specialization 
of the spinor components of the Ricci rotation coefidents. Really, we will 
require, for instance, that the isotropic vector * should obey the equations of 
the geodesics of Binstein'’s gravitation theory 


kW E = 0. (7.42) 
It follows then from (7.34a) that 
(e+ F' — km; — x7 = 0. (7.43) 


Clearly, the relationship (7.43) holds, if the spinor components of the Ricci 
tensor have the following limitations: 





(e+F)=0, K=R=0. (7.44) 


The conditions of parallel transfer of the vectors m', 7 and n* along ?* in 
Einstein’s gravitation theory become 


Myimist, fVymis0t, MVyn' =o. 


It follows from (7.354), (7.36a) and (7.37a) that these relationships are valid 
if 





A= R= =7S>E=FH= 0. (7.45) 





The isotropic vector /* is connected with the three optical parameters [40]: 
(a) extension 


l : 
@=(pt+ P)5 = 0,5¥ 4; (7.46) 


(b) rotation 
1 \ 12 
w= (p- pay? = (57a) ; (7.47) 


(c) shift 


; 1 : 1/2 
|¢| = (loa? = (Gvautyv" - 2) ; (7.48) 
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Since we have taken /* to be a gradient vector Cy = wey it follows from 
(7.47) that 
w=0, p=. (7.49) 
Furthermore, in that case we have [12] 


T=O+f. (7.50) 


7.3 Specialization of the spinor components of 
the Riemann tensor 


It would be a good idea in our search for physically meaningful specific solu- 
tions to the structural Cartan equations of the Ag geometry to use completely 
geometrized Einstein’s equations 


29 span t Atapeag = YT gaan: (7.61) 


It was shown in Chapter 6 that 
. . l 
oA? BD (28 pan t Ataptag) = Rim — a fimkt, (7.52) 


oA? BP Paap = UT jm, (7.53) 


where the geometrized matter energy-momentum tensor 7;,, is derived from 
(7.221). Looking at various types of geometrized tensors (7.221), such as, e.g; 
(a) energy-momentum tensor of the homogeneous Aq space 


1 . - 
Tt? = -Agjm, A= const; (7.54) 
(b) Einstein's vacuum tensor 
(2) _o4. 
Pi = 9; (7.55) 
(c) energy-momentum tensor of isotropic radiation 


Ti? = pljlm, Uy =0 (7.56) 
and so on, we will obtain various limitations to the spinor components of the 
matrix Aygon- 

From the relationships (7.51}(7.53) for tensors of the form (7.54) we will 
find the following limitations on the components of the matrices (6.103) 


Fog Go» Poo Pop it or Pin Gi» boy 0, 








%) 40, ¥, 40, ¥,40, W,40, W 40, (7.87) 
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rat 
4 
At the same time, the condition (7.54) imposes, via (6.221), limitations on 
the components of the matrices (6.88). 
In the case of Binstein’s vacuum the conditions (7.55) should be regarded 
as equations to be satisfied by the components of the matrices (6.88). In the 
process, in addition to (7.57), we will get 


A=—=6A. (7.58) 


A=0, (7.59) 


For tensors of the form (7.56) we have 





Pog Po. Poy Pit Poi Pig Pi2 Poi A 0, 





} = Ps = <, (7.60) 


% 40, 40, 40, ¥,40, Wy x0. 


To get an insight into the physical meaning of each spinor component of the 
Weyl tensor Wy, Wi, Wa, Fa and Yq, we will consider five cases: 
a) Wy # 0, the other components are zero; 
b) ©, 4 0, same as above; 
c) Wy #0,-" -; 
d) ¥3 40,-" -; 
e) ¥4 #0,-"-. 
In each of the five cases the components of the Weyl tensor have the following 
algebraic properties according to Petrov: 
a) N type (or {4}) [57,58] with the propagation vector ny; 
b) III type (or {31}) with the propagation vector n,; 
c) D type (or {22}) with the propagation vector ?; and ny; 
d) III type (or {31}) with the propagation vector fj; 
e) N type (or {4}) with the propagation vector . 
The propagation vector is meant to be the main light direction [40]. If in 
the Aq space the condition of Binstein’s vacuum A;,, = 0 is met, and the vector 
i; meets the equations 





kam r 
le Ryyemn! oy! im uy, (7.61) 


then the vector ?; corresponds to one of the four main light directions of the 
Riemannian tensor, and we have 


Vv, =0. (7.62) 
If two or more of the main light directions point along the propagation vector 
f;, then 
Rejutmlayl?t® = 0 (7.63) 

or 
¥,=¥,= 


rome 


(7.64) 
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According to the Goldberg-Sax theorem [59], it follows from (7.64) that 
g=eK=0, (7.65) 


A simple proof of the theorem is given in [40]. It relies on the second Bianchi 
identities (D*T). 
Similarly, it can be shown that from the condition 


¥,=0,=0 (7.66) 


we get 
y=A=0. (7.67) 


7.4 Construction of the asymptotic behavior of 
insular-type geometries 


Aq geometry is said to be an insular-type geometry, if at infinity its main 
characteristics (metric, connection, curvature) are identical to those of a flat 
space. 

We will also assume that the conditions of Einstein's vacuum (7.31) and rela- 
tionships (7.45), (7.49), (7.50) are valid. With these assumptions the structural 
Cartan equations of the Ay geometry (A*t), (B*t) and the second Bianchi 
identities (D*+) can conveniently be split into the following three groups of 
equations: 


7.4.1 Radial equations containing derivatives with 
respect to r 



































DE* = p&* + 0%, (7.684) 
Du = pu +ow- (e+), (7.682) (7.68) 
DX“ =(F+ HE + (at BE, (7.68) 
DU =(F4+ PywFt+lo+ Bow - (y+ F), (7.68a) 

Da= p* +07, 7.694) 

Do = 2po + Vo, 7.690) 

DraTpa+7Te+¥y,, 7.69¢) 

Dea = ap+ BF, 7.69d) 

DB =Boe+ac4+%1, (7.69e) (7.69) 

Dy=Ta+TB4., (7.69f) 

DA = Apt us, 7.699) 

Du =pptaoc+ a, (7.69h) 

Dy =TA4+T7FuE+ V3, (7.698) 
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DY, — 6 = 4p¥, — 40¥y, (7.704) 
DY, — G¥ = 3p%, — 24%, — AW, (7.700) (7.70) 
DY, — 6¥, = 2p¥, — 20%, (7.70) 
DY, — GV; = pW. + 2a, —3AWQ. (7.70) 
7.4.2 Nonradial equations 
bX* — AE = (u47 WE" 4 re, (7.71a) 
dé —6e" = (8 _ aye* + (a - Bye 1 (7.715) (7.71) 
67 —dw=(B-ajw+(@- Bywt+(u-F), (7-71c) 
6U - Aw=(u+7- yw + Au - vy, (7.714) 
Ad — bv = 2av + (F- 3y- w- WA Wa, 7.724) 
69 -édc0 =(8+ p+ (BP -3a)o-%,, 7.72b) 
6a —dB8 = up — Ao - 2eB +o%+ BB - Wa, 7.72c) 
bA—ép= (a+ Put (F-3P)A—- Wa, 7.72d) 
éy—- A= pyt Fut Ww -avB+ AA, 7.72 f) (7.72) 
dy -AB= TH+ (u-y¥tF)B- ov + ra, 7.729) 
67 — Ag = AarB+ (F4+ uw - Syjo Ft Ag, 7.72h) 
Ap-ér =(y¥+7- Fie -2ar - do — Wa, (7.722) 
Aa -$y=(¥-y-Bat py —TA-AB- 3. (7.727) 
7.4.3 U-derivative equations 
AW, _ Wy = (4¥ uF (47 } 2p )T, } 3oV 5, (7.73) 
AW, _ iWy = vWy } (27 2 )¥y } 20V, 375, (7.733) (7 73) 





AW, _ iW, = avy su, } ( 27 } 2B )¥3 { oW., (7.73c) 
AW; _ 6Vy = 3yvVs (27 { 4u)¥3 { ( 74 4B)G 4. (7.73d) 





puppose now that the structural Cartan equations of the Aq geometry de- 
scribe an insular radiating system. In the process, the quantity Wo behaves at 
an asymptotic along the coordinate r as 


¥o =o(r-*), (7.74) 
whereas 
DY, = o(r—*). (7.78) 


The conditions (7.74) has been chosen on purely physical grounds in such a 
manner that the quadrupole radiation in a linear approximation of Einstein's 
gravitational theory would correspond to the asymptotic. It is clear that we 
could use another kind of asymptotic and have other asymptotic properties 
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for the insular Aq geometry. It is precisely what it mean by "constructing a 
geometry.” 

Let now uniform perturbations in the coordinates r* and c* do not change 
the nature of the asymptotic (7.74) and (7.75), Le., 


da Vo = o(r*),...,dadedyds Vo = ofr), 


d,DWy = ofr), ...,dadgdyd; DV = ofr), (7.76) 


where 
d.=—— a B 2 = 2,3. 
a axe? Py} 1 


Using the relationships (7.74)-(7.76), we can find the asymptotic behavior 
of all the other spinor quantities that enter the equations (7.68)-(7.73). For 
instance, we will show how the asymptotic behavior of the quantities o and ¢ is 
to be determined. We will introduce the matrices [40] 


_ poo _ og Vy 
rofec} anf, % 


Then the equations (7.69a), (7.69b) and their complex conjugates 


Do=p? +07, Dp= pe +or, 


Do =2p04¥), DF= 27+ Vy (7-77) 
will become 
DP =P*4+9. (7.78) 
This equation has a solution of the form 
P=-(DY)", (7.79) 


where 


Y= ( an? ) (7.30) 


Yi Va 
is a nonsingular solution (for a given P) to the equations 
DY = —-PY. (7.81) 
It is seen from (7.79) and (7.81) that the matrix (7.80) obeys the equations 
D°’Y = -QY. (7.82) 


The asymptotic behavior of the solutions of the equation (7.82) for the case 
where 


[ rivolar = 0(2), 


has the form [40] 
DY = F +0(1), (7.83) 
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Y=rF+o(r), (7.84) 


where # is a constant matrix. Since in this case Q = o(r—*), we will obtain 
from (7.82) and (7.84) 


D*Y = -rQF + o(r*) = ofr*). (7.85) 
Integrating this twice gives 
DY = F + o(r~*), (7.86) 


Y=rF+B+o(r*), (7.87) 


where # is a constant matrix. Solution (7.79) can now be written as 





P=-r I4r—"EF *+ ofr *y. (7.88) 


Here # is a nonsingular matrix and J is a unit matrix. H # = 0, we have from 
(7.88) 


p=-—rtto(r*), o = ofr7*). (7.89) 
Using other equations of the system (7.68)-(7.73) and working through the 


same procedure we can find for the quantities in these equations the following 
asymptotic properties [40]: 


fF = a(r—*), a, BA, wT = a(r—*), 
Xow = o(1), vyy = o(1), (7.90) 
U=o(r), ¥, = ofr), 


Yo = ofr"), Y,= ofr), Y, = o(r—*). 


To get a closer look at the asymptotic behavior of the quantities (7.89) and 
(7.90) we will do the following [60]. We will write (7.89) as 


Pe (7.91) 


where g,h = o(r~*). 
Substituting (7.91) into (7.69a) and (7.69b) gives 





Dotart¢= gthh = o(r*), 


Dh+ rth = 2gh+ Wy = o(r—*. (7.92) 





We will at first look for a solution to these equations to within the terms of 
the order of magnitude o(r—*). Integrating the equations, we find g(r) [60] 


g= en J Barf iJ ed 24 Top Yay + °} _ 


(7.93) 
=r7*{f ofr dr + pf = pr? 4 ofr-#) 
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and a similar solution for A(r). In (7.93) the sign 0 on the integration constant 
f@ implies that the constant is independent of r. Hence 








1, | o_o cx 
par ttp'r tor), po? = p(uc*), 
g=o'r*+o(r*), oh =o"(u,e*), (7.94) 
a= 2,3. 


Using the coordinate transformations r’ = r—r"(u, 2%) we can eliminate the 
term p"/r', therefore 
p=-—rtto(rA, 
g= o'r * + ofr". 


Putting again 
paar gir), c= a a hlr), 


where 

g(r), h(r) = ofr"), (7.95) 
and collecting all the terms in (7.69a) and (7.69b) up to those of the order of 
magnitude o(r—*\, we have 





Dg 4 2r—tg = ofr—*) = oF r-* F ofr), 7.96 
Dh + ar-th = o(r7*). (7.96) 


Integrating (7.95) gives 


_y-? | [torre + o(r*))r?dr + c.} 
rf fsr 


or 
g= Cyr? — oor + ofr), 
h= Cor? + o(r—*). 
It follows from (7.95) that 
Cy, = Cy, =0, 
theretore : 13 | 4), 
f= -r7 nr + atr7 
g= o'r? 4 ofr). (7.97) 
Going over the procedure, we can find that 
pot 
p= — ogre = + ofr y, (7.98) 


g=o'r-? £0! 0,505 \r—* + ofr"). 
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Similarly, we can find the asymptotic behavior in r of other variables. The 
following are the results obtained in [60]: 
(a) for spinor components of the Riemannian tensor 











(7.99) 
Fy = WIr-* + ofr), (7.994) 
Wy = Wir * + (dag — Fwy yr + ofr), (7.998) 
Wy = Wpr 8 + (20Pw) — Pwd yr* + ofr), (7.99) 
Wy = Wor? — Fwd 8 + ofr), (7.994) 
By = Wor? + (20%w) + cays yt +o(r~*), (7.99) 
a= 2,3; 

(b) for spinor components of the Ricci rotation coefficients 
(7.100) 
paar 8 = or? 4 ofr, (7.100) 
o = or? + (9s — 0,582 )r— + ofr), (7.1000) 
c= ort 4 ar? + or Fg + ofr~4), (7.100c) 
B= —a°rm $ ate? — (otxta® + 0,582)? + ofr), (7.1004) 


r= —0,5r Bo + ar (2 we, — 80°F + oT) +o(r—*), (7.100¢) 


X= Mot — oer? + (0, 58] + o oar? + ofr), (7.100) 
wa pert — (oA 4 Br + (ow — a HF 
40,56 “w! +o(r—), (7.1009) 
y= y" — 0,58 Gr 7 4(5 Hens Lewy — 0,50°HT) + ofr 4), (7.100%) 
yoy — Wort yt - “Wr + ofr~*), (7.1002) 
a= 2,3; 


(c) for the components of the Newman-Penrose symbols 


(7.101) 


U = -(y° +P yr + U8 — 0, 5(89 + Wy) t+ are “yl + 








+e) 0) - 2(a el + V+ sot (7.1014) 
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l ae = 
X* = or (UIE + Hye) + ofr), (7.1018) 
ge _ gatpot _ ofF pH? + oat ety 3 + o(r~*), (7.101¢) 
w= wet =r 2(08? 4 0,589) 4 ofr), (7.1014) 

a= 2,3. 


To simplify the remaining computations we will make use of the coordinate 
transformations 








ror + R(O,2,3) translations 7 102 
ui =u,c? = 28, b= 2,3, of the origin of r, (7.102) 
ro ; ro : 
v= rfy, w = y(u) relabeling of (7.103) 
ePo=a gr, hypersurtaces, 
rorw=u, relabeling of ~ 
c® = ®(0,2,3), geodesics. (7.104) 
From the equations (7.27a) and (7.27b) we have 
- as ca ants Je _ 
g@P = (EE + BGP) = (CEE PME 
a, 6 = 2,3. (7.105) 


Using the coordinate transformations (7.102}(7.104) we can reduce the met- 
ric (7.105) to a conformally flat metric [61,62]. Up to the terms of the order of 
o(r—*), we have here 

22 938928 _ 932 _ (7.106) 
bince 
gq? = _9g02g"? 2 4 o(r-), 


13 02 _ _ 
gq? _ —(Eve + f"\r a4 o(r *\, 
—03 _ _ 
g*? = 9297 P 24 ofr 8) 
it follows from the conditions (7.106) that 
er? — ie"? = P(u,c*). (7.107) 


The remaining coordinate transformations for the variables 2? and x* look 
like [62] 

oc? tigt = f(x? + ix? wu) (7.108) 

We will next solve a set of nonradial equations (7.71) and (7.72) in order 

to express the integration “constants” obtained in solving the radial equations 


through only two functions oy and P. 
By way of example, we will consider the nonradial equation (7.72h) 





Ap-dr=(y¥+¥- Ble- 2ar-dAg- Wo. (7.109) 
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Using the definitions (7.24) of spinor derivatives, we will write (7.109) as 


fotUei t+ X89 4-01 
Ena —(¥+7- Bed 
baer + Ag+ FW. = 0. (7.110) 








Substituting here the necessary expressions from the solution (7.99)-(7.101) 
and differentiating with respect tor, we will equate the factors at various degrees 
of l/r to zero’. As a result, from (7.110), we will get: 

(1) the factor at 1/r is identically zero; 

(2) the factor at 1/r? is (U" — 7"), whence 





U =F; 
(3) the factor at 1/r? is 


(09S) 9 + 20984? + FP) — (0 AT 4 FD) = 0, 





and this relationship defines y" and 4", if the other terms are known; 
(4) the factor at 1/r* is identically aero. 
We will introduce the notation 


g g 
¥V=——4+i-e 7.111 
ax? + ‘On ( ) 
then the final expressions for the jjconstants;; a", y",v",... in terms of the two 


main functions P and @ become: 


i 0,5 Vin P)o, 
v= -0,65PV(In PP), 
w= P (Vo! _ 20° FV (In P)) ; (7.112) 
=o? ino PeP )) 
Do 

uw! =U = -0,5PPVVIn(PP), 

Wo - YY = (PVe+ 

Loma 4 ex" 





(pve + Boe tue? + oA", 
¥o = PV yn! — PVA 4 4a", 
Wo = PV¥v" + 2a%v? 

=O, = ay 9, 


(7.113) 





The functions 2 + ¥2, 2 and 2 in addition to the functions c" and P 
are the basis functions for insular-type systems. 








1Por inetance, if we have the asymptotic expression Ar7'4 Br7*4 Cr7* 4 o(r + =34 
(A, 2, are independent of rj, then, multiplying this expression by r and putting r > oo, we 
will get A= 0. Further, multiplying by r? and letting r 4 oo, we will have B = i, and zo 
forth. 
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Propagation of the functions 3, @j and W! in the u - direction is defined by 
a group of equations (7.73). For instance, the equation (7.73a), to within terms 
of the order of magnitude of o(r—*), becomes 
oar + Cy +P ear - 
—PV¥lr— — y Bore 
20 bir? — 30°83 r—* + ofr—*) = 0, 


hence 





Vo + &(y° + PEG 
_ PV? — 47° wo — 





2a" FY — 30°F) = 0. (7.114) 

The next two equations of group (7.73) (equations (7.73c) and (7.73d)) give 
Hy + 2(y? + PEL — PVES — 20°) = 0, (7.115) 

Poot 37 + Pee — PVWS - 2a°W5 - 20° WG = 0. (7.116) 


The last equation of group (7.73) is satisfied identically. Function P can be 
chosen so that 
Pro = 0, 
P=P(<*,0°)\, 6 =2,3. (7.117) 
Under this condition, the equations (7.112) and (7.113) are simplified dra- 
matically to yield 


v =o, 
a" = 0,5VP, 
No _ pd °F (09/P2) (7.118) 
Ma 7, 
a = _P?VV InP, 
(2 - 42) = 
=P? ¥(w" /P)\- Via" /P)] + 
4% o% - ooh 
¥, = -PV(P°VV InP) - 
-P*(o),/P*), 
Vy = —T ho. (7.119) 
Equations (7.73) now become 
Foo — ViPUT) — 30°F) = 0, 
i — PVE - 20°83 = 0 (7.120) 


Woo - PIy(w8/P)- 
—o °F gg = 0. 
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We can now write the final form of the Riemannian metric. The metric of 
the insular-type system looks like 


a ol a a 
t 1 gh gt? gh? 
= - 7.121 
g a gi? g2? g?8 1 ( ) 
a gt? g28 gt 
where 
iL 2 3? 3? o Woye—t 
in] —_ 
¢ = -32P +S | InP —- (¥3+ ¥3)r + 


1 
LP 
+3 





“Be 
seo etn 


gt? = —r ARP) tr ORCA) + o(r-4), 
gt = —r AS fy tr FS(h) + o(r-*), 
P= P(x? 2°), (7.122) 
f =2P*V(s"/P?), 
h=4P [2094+ Peo Via /P*)), 








get = -2P*r?* 4 2P(o° 4 Wr? 
—6o%o" Pept + ofr"), 

gt = -2P2(o" — 7" )r-* + ofr), 
gt = -2P8r* — aPlol 4 7 \r-F - 


—60°o" Pept 4 o(r~*). 





In matrix (7.121) the component g** can be worked out to within the terms 
of the order of magnitude of o(r—*), and the terms g** (a, = 2,3) to within 
o(r—*). 

If now we specify the initial conditions ¥3+W4, #5, ¥Y, oc" and P at infinity, 
then the problem of the initial values will be overcome. 

The zero surface of initial values ug is determined by the condition 


¥5 = lim(Wor®) < 09. 
rococo 


The initial value c" is defined on the world tube at spatial infinity. On the 
tube we chose 
0 : 2 
¢ = limfter 
hm Cor’) 
as an independent function of the variables u, *, and c*. The remaining initial 
data are taken on a two-dimensional surface at infinity that is determined by the 
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intersection of the sero surface wg and the world tube. On that two-dimensional 
surtace we specity 


w= lim(ir?), ¥)4+ P= lim Ph, +H) 
roa roo 


and 
P2§e? — lim (g*?r?) 
roca 


as functions of c* and x?. 


7.5 Classification of solutions to the structural 
Cartan equations of the Ay geometry by isom- 
etry groups 


It was shown in Chapter 6 that the structural Cartan equations of the Ag 

geometry can be taken to be gauge equations with gauge groups T4 and O(3.1). 
Knowledge of this fact alone is not sufficient for one to be able to tell vari- 
ous specific solutions of the structural Gartan equations from one another by 
group behavior. This is made possible by the technique of the embedding of Ag 
geometries into a flat space B, of many dimensions (N > 4). 
We will make the following assumption: 
(1) we will take the Aq space to be a continuous deformation of the Minkowski 
space B4(3.1); 
(2) we will suppose that Ag has a minimal flat embedding space #,([r, 5) 
of dimensionality p = r + s, where the signature r +s means r positive and s 
negative diagonal elements of the metric tensor yy (4,¥ = 1,2,...,p) of space 
BY (r,s). 

Let now X# be Cartesian coordinates of the flat space #,(r,s), and c& be 
Gaussian coordinates based on Ag that is embedded into #,(r,s). Here and 
later in the section the Greek indices assume the values 1,...,N. 

We will denote the coordinates of a point in space Aq by rt; the coordinates 
in directions orthogonal to Ag, by c4. Here and in the section the small-cap 
Roman indices t,7,4,... assume the values 1,2,3,4, and the large-cap Roman 
indices A,B,C... the values 5...N. 

In the embedding the coordinates are transformed as follows: 








X# = X*(x%), (7.123) 


and the tensors between these two reference frames are transformed using the 
derivatives 











@ are wo ara 
ry — axel = ax? (7 124) 
Xue ax" x2 axa . 
a dre} BOT dre 
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Thus, if 7), are Cartesian components of the metric tensor of a space 
#,(r,5), then its Gaussian components are 


gh = teen, Gap = XEXpNuv- (7.125) 
The inverse relationship are 


nt = XexegBn,, = ote e gag (7.126) 
Ifthe Ag space has an isometry group, this group consists of pseudorotations 
and reflections O(r,s) of the space B,{r, 5). 
Suppose now that we have a coordinate transformation in Cartesian coordi- 
hates 
XH = X#4 U8, UH = ctx” (7.127) 


that is essentially one infinitesimal transformation of the group O(r, s), such that 
N(N — 1)/2 of infinitesimal quantities e", are constant and meet the condition 
e'#v) — O, The isometric nature of the transformation (7.127) is manifested by 
the fact that the Lee derivative with respect to UY of 74” vanishes 


Ly? = Ute) = 9, (7.128) 
On the other hand, the Gaussian coordinates are transformed as 
c® = t+ FS, (7.129) 


where €2= c2U are group generators. 
Relationship (7.129) can be split into two parts 


a . . ! 
ges git eh, gh = gh + é4, 


1=1,2,3,4, A=5...p. (7.130) 


The embedded Aq space in a Gaussian reference frame ls now subject to the 
condition 
c4=0. (7.131) 


If f(c*) is any real function defined in #,(r, s), then its space-time part will 
be 
xf(e) = f(eHa, at c4350. 


A function defined only on an embedded Ag surface will be denoted as f( Aq). 
For instance, we will have 


ul, = obed i 
ge A= gyapyh” 4 = gtag. 
4 


The Killing equations for the vector €* look like 


Lgl =9 (2e2 = 0 (7.132) 
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where 
vaso, y4eo0, 9 bea, 7.133) 
To the transformations (7.130) in an embedded Aq correspond the transfor- 
mations 
tioct4@lg4=0, vf =744 24), =0 7.134) 


on which the following conditions are imposed: 





vie |a=0, v4 |4=0, Vv Fla, =0. 7.135) 
The covariant derivative of the vector €, in a Gaussian reference frame with 


respect to the connection Ans is 


* + . 

Ve fa = fae + Aver = . (7.136) 

It is seen that the expression for Vp & does not coincide with the expression 
for the covariant derivative in Aq space, unless the following condition is met: 


v4) 4, = 0. (7.137) 


Condition (7.137) has the meaning that transformation (7.129) does not 
change the definition Ay. Condition (7.137) identifies in the group O(r,s) a 
subgroup that defines the symmetry of the embedded Ay space. By adding 
the group O(r, s) reflections and the condition (7.137), we will get the isometry 
group of Ag space. Since the maximal dimensionality of an embedded space for 
Riemannian spaces of dimensionality 4 is 10, then going over the signatures of 
embedded spaces makes it possible to establish 22 isometric groups [63]. 

Given in table 7.1 are Lee isometric groups for various specific Ay spaces 
and their spinor representations. 

The table also provides the most important subgroups. It is sufficient to 
specify one of the groups in the table to give an isometric definition of the 
appropriate Ag geometry. On the other hand, each solution of the structural 
Cartan equations of the Ay geometry has corresponding to it an embedded 
space. 

Shown in table 7.2 are some minimum embedded spaces for a series of Ag 
spaces that feature various Riemannian metrics [63]. 

All these spaces can be derived as solutions to the structural Gartan equa- 
tions of A, geometry (e.g., Riemannian metric of Godel space has been obtained 
in Ozsvath [50] using the Newman-Penrose method, i.e., as a solution of the 
structural equations). 


7.6 A, geometry with a Schwarzschild-type met- 
ric 


In order to construction an Aq geometry that has a Schwarzschild metric the 
following condition must be met: (7.46), (7.49), (7.50), (7.55), (7.69), (7.65), 
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Table 7.1: 

po BACs) Lp(r,s) Spinar Most important 

group subgroups 
4 By(3.1)  SO(31) SL(2.0) 
4 64(2.2) OG.) SU(11)x SU(1.1) 
5 #5(4.1) SO(4.1) SL(4.C) SU(2) x SU(2) 
5 B5(3.2)  $0(3.2) su(1.1.1.1) SU(1.1) x SU(1.1) 
6 Bs($-1)  O(8.1) SL(4.0) 
6 Bs(4.2) 0(4.2) SU(2.2) SU(2) x SU(2) 
6 B,(3.3) 0(3.3) SL(4.0) SU(1.1) x SU(1.1) 
7 #B7(6.1) SO(6.1) SL(8.C) SU(4) 
7 By(s.2) SO(5.2) SU(2.2.2.2) SU(2.2) 
7 #B7(4.3) SO(4.3) SL(8.C) SU(2) x SU(2) 
8 Bs(7.1)  O(7.1) SL(8.C) SU(4) 
8 B3(6.2) O(6.2)  SU(1.1) x SU(44) su(4) 
8 B3(5.3) O(8.3) SL(16.C) SU(2) x SU(2) 
8 B3(4.4) O(4.4) SU(11)x SU(2.2.22)  SU(2) x SU(2) 
9 B,(8.1) SO(8.1) SL(16.C) su(4) 
9 B,(7.2) SO(7.2) SU(44.44) su(44) 
9 B,(6.3) SO(6.3) SL(16.C) su(4) 
9 Ba(5.4) SO(5.4) SU(2.2.2.2.2.2.2.2) SU(2) x SU(2) 
10 By(9.1) O0(9.1) SL(16.C) 
10 By(8.2) (8.2) SU(8.8) Su(8) 
10° Bya(7.3) — O(7.3) S£L(16.C) 
10 By(6.4) O(6.4) SU(44.44) su(4) 
10 Bio(5.5) O(5.5) SL(16.C) 

Table 7.2: 


Bors) Metric of immersed space 
E (4.1) De Sitter-Einstein space 


FB, (5.1) Kruskal space 

By (4.2) Schwarzschild space 

EB; (5.2) Petrov space P,/C4/4 [22] 

B; (4.3) Petrov space T,/C4/5,6 

By (6.3)  Robinson-Trautman space C < 
FB, (5.4)  Robinson-Trautman space C > 
Fy) (6.4) Axialsymmetrical Weyl space 
Fig (5.5) Godel space 


oc 
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(7.66) and (7.67). The physical meaning of these constraints has been considered 
earlier in the book. As a result the structural Cartan equations (7.69)-(7.73) 
become: 

(1) radial equations that contain a derivative with respect to r 
























































De* = pe*, (7.1384) 
Du = pu — (&+ B), (7.1380) 
is a 7.138 
DX*= (A+ P)E +(a+Pye, (7.138¢) ( ) 
DU =(@+ Plw+ (a+ Blw-(y+¥F), (7.138d) 
Do = ¢*, 7.1394) 
0=0, (7.1398) 
Dr =Ta,, (7.139¢) 
Da = ap, 7.139d) 
DB = Bo, 7.139) (7.139) 
Dy=ta4TB+Wo, (7.139) 
o=0, 7.1399) 
Dus= pet Fo, (7.139%) 
0=0, (7.1392) 
o=0, (7.140) 
DY, = 3oVs, (7.1406) ~ 
IF, =0, (7.140c) (7.140) 
o=0; (7.1404) 
(2) nonradial equations 
jx* — Ag =(u+ ¥- VE*, _. (7.141a) 
b& — dee = (Bale + (@- BYE, (7.1415) (7.141) 
67 - dw =(B-alw+(e-Pyw+(u-W), (7.141) 
6U- Aw = (n+ F- ye, (7.141c) 
0=3, 7.142a) 
dp= (6+ Op, 7.1425) 
da-édB=pe-2aB+aR+ PR -W2, (7.142c) 
du = —(a + By, 7.1424) 
-Age= uy t Fut we, 7.142e) (7.142) 
by- AB= rut (u-7+ PS, 7.142 f) 
é7 = 278, 7.1429) 
Ap—dér=(y+7%- Ele -2ar— Wo, 7.142h) 
Aa-édy=(F- ¥- Be; (7.1422) 
(3) U-derivative equations 
0=0, (7.143a) 
é 1 375, (7.1430) 
AV, = —3u%2, (7.1430) (7.143) 
0=0. (7.1432) 
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In the reference frame we have chosen the structural equations have the form 

















g g g 
_ — wy an 
D= ar’ Pawar ts ach 
g g g ~ _@G <6 4 
_ _ oT _~ 7 __ 
A=3,1¥g,t+* agF? é Vato aoe 
B= 2,3. 
and the commutation relation 
Via Vay = -O07 (7.144) 
become 
(7.145) 
AD-DA=(y+ FD - (T+ 7)6- (74+ 7), (7.1454) 
ID- Di=(F+ 8 -T)D- PM, (7.145) 
6A-Ad=(rT-W-BPA+(u-7¥+ 7), (7.145c) 
66 -—dh = (E+ wD+ (F- pA (B ad — (F py, (7.145d) 


therefore we can proceed with integration of the equations. Integration be- 
gins with the radial equations that contain the derivative D. For instance, the 
solution to the equation (7.1394), with the condition p = @ has the form 


p=-r. (7.146) 





Differentiating (7.139a) with respect to gives 

Dp = 2pdp. (7.147) 

Applying the complex-conjugate operator (7.145b) to p, we have (7 = 0) 
(6D — Dijp= (a+ PiDp— pbp, (7.148) 

whend by (7.147), we have 

Dip — 3p5p = —p7 (a + BY. (7.149) 
Using (7.139a), (7.139d) and (7.139e), we obtain the general solution (7.149) 
dp = pla + B)- 2T"p*, (7.150) 


where T° is an integration constant. Calculating (AD — DA)W¥, (SA—- Ad) 
and (66 — 6d)" (here and later we will use the notation W, = ¥, &} = ¥") 
using the relationships (7.140b,c), (7.143b,c) and (7.146), we will arrive at three 
new equalities 





Ap+ Dus py+F)-77, (7.151) 
dp = pla +B), (7.152) 
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é6u+ Ar = -ple+ B)4+ rly - ¥). (7.153) 
Substituting (7.150) into (7.152) and integrating, we will get T’p? = 4, 
whence 7 =7"=0. 
Integrating the remaining radial equations gives [65] 
p = 0B", 
a= por + OT, 
T= pn", 
yar t pnt” + pa 6! + wl /2¥’, 
v= /)'U", (7.154) 


U= Ure +P) + {now — 1/2} + p{ We ~ 1/20} 
w= pw" +a" + B, 
Et = pee”, 
Xe =X + pytele ¢ PE, = 0,2,3. 


Applying the operator (7.145a) to g and using the equation (7.139a), we will 
obtain 





2pAp- DAp= plyt+ F)-thp- Top. (7.155) 


Solving this equation using (7.142b), (7.150), (7.154) and considering that 
T° — 0, we get 








Ap = -Mp? +a? +B e+ (+P )04 
+ [Fe + BP) — nA] o? - 1/2e8(eP 4 HF). (7.156) 


Substituting this relation into (7.151) and integrating gives 
— 
wea po + pM? 4+1/2e*("° + © ). (7.157) 


The next phase of integration consists in substituting the derived solutions 
of the radial equations (7.146), (7.154) and (7.155) into the remaining unused 
equations. After differentiating with respect to r, we will equate to gero the 
factors at the same degrees of 1fr. We will end up with a set of equations for 
quantities independent of r. 

Applying the operators 6, J and A to p= —1/r, we have 





ép=up", dp= Ue", Ap=Up?. (7.158) 
Comparing these equalities with (7.142b), (7.150) and (7.156) gives 
M’=M, (7.159) 


w = 0, (7.160) 


7.6. GEOMETRY Ag... 113 














U =n (ol + B+ me + 6") — yy - M?. 7.161) 
From (7.142c) we get 
we = 0, 7.162) 
Fert = -1%(a° 438 — n°) 4 1/208 - F), 7.163) 
Peg’, = 2B". 7.164) 


Consequently, from the equations (7.142g), (7.142d) and (7.142c) we will 
have 


e070, = —79(3° + 6), 


ge — (az — 9), (7.165) 
eat, — Bp2, = 26°(B — a") + M?, 
eM = -2M%(o% + B), (7.166) 


gi =O. 
Substitution of the last of these equations into the equality (7.161) gives 
Ue = -M". (7.167) 


From (7.1421) and (7.153) we get 


XM = OOP + 3P)s 
OOM", = -2M°(@ + 6), 
Se =i 
Xa! ~ € Ye = =" Ca" ~ B ); 
KPSBN — Ey, = (BY +B) — 27 BY, 
X°eM" = -2M" (a? + 7°). 
Equations (7.141) enables us to write 
goo X OP _ Xe g0e _ ay ete _ (@ + Boxee, 
Me <i =i <i 
Een — edeeh — apr ere + 2B”, 
a, B = 0,2,3. 


Substituting W = p°W" into the equations (7.140c), (7.143b) and (7.143c), 
we will obtain 


elope = —3¥" (a? + BP - n°), (7.168) 
Ewe = 38 (a +B). (7.169) 


Xp = Wy +P tw), (7.170) 
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Let us consider the case of 


pee r T° — const. (7.171) 


1 


Then from (7.166) and (7.167) and also from (7.164) and (7.160)) it follows that 


+P so, of +P =0. (7.172) 


We will constrain ourselves to the case 7" = 0. Considering that 7" = 0, we 
will obtain that 7 = 0. Equations (7.141) will then become 


(7.173) 

X*eM" = 0, (7.173a) 

oo MY, = 0, (7.1738) 

Xe, _ goa ye, = 29% Q9, (7.173c) 
geal, — Ppt = 4a%a" 4M, (7.1734) 
pa XOF  XOaEOP — 97PE98, (7.173e) 

Eis e0e — eoapl? — 2B eh 4 260. (7.173) 


Next we carry out the transformations 
gt = c® (2), 


We will thus have the relation X°* = dy satisfied. Now the only arbitrary 
element in the selection of coordinates is the transformations 


(7.174) 
ef att f(x? ,2*), (7.174a) 
t= g(x? 2°), (7.1746) 
gt = h(x? 2°). (7.174c) 
Integrating (7.173) gives 
M® = const. 

Using the transformations 

Mah pian, m =m exp[t?"(x*)], (7.175) 
we can achieve 

¥" = a. (7.176) 


It follows from this and (7.173e) that €°* is independent of x”. 
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We will introduce the notation 
& = P(x? oc), é 8 =1Plo*,2*) (7.177) 


and use the transformations (7.175) to make P a real function. The only arbi- 
trariness will be the transformation of the coordinates and the components of 
the light tetrad of the form 


ia _ [A°(e2y, nt _ A(x ni, m* _ m', 


with the constant A® in the transformation (7.1 74a) and the transformation 


C= 9(9), 


where 
Caxr*4+ iz. (7.179) 


Using the notation (7.111), we will write the equations (7.173d) and (7.173f) 
in the form 


soo 


g 


"_1/3VP, V 
a= 172VP, V/+5 


“vs 








= 1 
e° = M* = aP*VV In( V2P)s. 


Using the remaining arbitrariness and the selection of the coordinates and 
components of the ight tetrad enables us to write the solutions of these equa- 
flons as 


J@P =141f2e%¢C,  =0, a? = 1/20", 
e" = +1/2,0. 


We now use the results obtained for the components of the Newman-Penrase 
symbols to obtain 


Cha = (9,1,0,9), ot; = (1,U,0,9), on = o(0,0,P, iP), 


: F F 1 
of =(1,0,0,0), of =(-U,1,0,0), on = gp (0,041,4). 


Using the relationship 


AB_OD 
Sip = FAC BAT Pe Gg 


we can now derive the metric tensor gy, 


-2U 1 0 0 
1 30 0 0 - 
tik = ci ci —(2p? P?)\-+ ci 1 (7.180) 
a 0 0 (20° P?)-* 
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where 
Ua -e + ¥" fr. (7.181) 
(7.182) 
Let now e” = 1/2, it is then convenient to go over to the coordinates 
ct= oc - [epu, r=cl, 
FyL/2 a 
sing? = (66s tgy = =. 
G+ 1/KO = 
We will end up with the Riemannian metric 
0 ox, 7t 
ds? = (: - *) c*dt* — (. - =) dr? (7.183) 
r r 


—r*(dd? + sin? addy"), 
that coincides with the metric of the Schwaraschild space at 
w= MG/c*. 7.184) 


Notice that, unlike the Schwarzschild metric of Hinstein’s theory, the met- 
ric (7.183) is defined on a translations group TF, of the geometry of absolute 
parallelism. 

At e? = O and <9 = -1/2 we have two more solutions that describe spheri- 
cally symmetrical objects with mass M (not necessary rest mass), which move 
at light and faster-than-light velocities 





2y0 2p \~* 
ds* = | -—— ] cat? - [| -—_] dr? (7.185) 
r r 
—r? (de? + a7 dy?), 
aye ayo \ > 
ds? = (-1 - =) cde? — (-1 - =) dr? — (7.186) 


—r*(de? + sh? @dw"). 
Combining all the results, we will write 
Main geometrical characteristics of 4, geometry with a Rieman- 
nian metric of Schwarzschildian type 


(7.187) 


1. Coordinate u,r,c* and x® are given by (7.19). 
2. Components of the Newman-Penrose symbols 
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oi, = (0,1,0,0), of; =(1,U,0,0), of; = p(0,0,P,iP), 


— — i 1. . 
of? = (1,0,0,0), of =(-U,1,0,0), on = yp hes 


i i 


Ua -1/24¥"fr, P= (2 P+ ¢C/4), C= 2? + is’, 
Ww" — const. 


3. Spinor components of the Ricci rotation coefficients 
p=-lfr, a=-B=-a"fr, y= ¥" far, 
wane fr tow fra = ¢/4. 
4. Spinor components of the Riemannian tensor 
Y= -¥' fr’. 


substituting the components of the Ricci rotation coefficients of the solution 
(7.187) into the rotational Killing-Cartan metric, we obtain 


Os2 a 
dr? = OS ist _ 2 =) aga (7.188) 
r r 
a(we — in? @ 
7 ( 2 sin dye? 


7.7 Some physically meaningful solutions of the 
structural Cartan equations of Ay geometry 


okipping detailed computations, we will simply provide some exact solutions 
of the structural Cartan equations of the 4g geometry, which are given physical 
interpretation in the theory of physical vacuum. 


7.7.1 Solution with a variable source function 


(7.189) 





1. Coordinates 29 =u,czt=rjc* =e 2 = @. 
2. Gomponents of the Newman-Penrose symbols 





of, =(0,1,0,0), of; =(1,U,0,0), of; = p(0,0, P,P), 
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of? = (1,0,0,0), ott =(-U,1,0,0), of = pret) 
U(uy= -1/2+ 8 (w/r, P=(2y'P014+¢¢/4), Cac +10%, 
wo = # fu). 
3. Spinor components of the Ricci rotation coefficients 
p=-lf/r, a@=-B=—al/r, y= ¥"(u)/2r’, 
wa -lfart BW (ulfr?, a = ¢/4. 
4. Spinor componente of the Riemannian tensor 
W. =H = -W"(u)/r®, G22 = B= -W"(u)/r? = oe 


The Riemann metric of the solution (7.189) in the coordinates (7.182) has 
the form 


ds* = (1 - a) c* dt? — (: - a) ~ dr? — (7.190) 


r 


—r*(d? + sin? Ady”). 


7.7.2 Solution with quark interaction 


(7.191) 





1. Coordinates co =u,ct =rc7 = 8,27 =y. 
2. Components of the Newman-Penrose symbols 





Cha = (9,1,0, 9), ot; = (1,U,0,0), of = o(0,0,P, P), 

. . . l ; 
of’ =(1,0,0,0), of? =(-U,1,0,0), of = gpl abe 

U=-1/2+Ar?, P=(2-¥*(14+¢¢/4), C= 27 + ix? 


3. Spinor components of the Ricci rotation coefficients 
p=-lfr, a=-B=-a"/r, y= Ar, 
w= —-1far-Apr?, a =¢/4. 
4. Spinor componente of the Riemannian tensor 


A= A/6 = R/24 = const. 








The metric of the Riemannian solution (7.191) in the coordinates (7.182) 
has the form 


ds? = (1 — Ar?/3) c2dt? — (1 — Ar?/3)7* dr?— (7.192) 
—r?(de? + sin? @dy?). 
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7.7.3 Solution with a short-range (nuclear) interaction 


(7.193) 





1. Coordinates #° = u,czt =r,c* =o 2% = @. 
2. Gomponents of the Newman-Penrose symbols 





oi}, =(0,1,0,0), of; =(1,U,0,0), of; =7(-irw¢/V2,0,P,iP), of, = oe 


of = (1,0-ryet {V2 P, rye? /VaP)\, oft = ~ yp ror hit)s oa oh, 
git = (-U,1,Urye?/V2 P,-Urys?/V2P). 
1 > . 
U=-5+0Pry, P=(2) P+ ¢C/4), C= 2% +ie%, 
Far = const. 
3. Spinor components of the Ricci rotation coefficients 
. -1 a — a 
p=-(rtirw) » G@H=pa, b=-@, ow = ¢/4, 
=i ; 
y= eh (2, w= pf2t pW /2+ ph f2, WW" =iry. 
4. Spinor components of the Riemannian tensor 
¥,= 0 = 9",', 


The metric of the Riemannian solution (7.193) in the coordinates (7.182) 
has the form 





ds* = @[cdt + 4ry sin*(@/2\dy]? + dr? /b- (7.194) 
-(r? + roid? + sin? ede), 
where ; 
_ 2P ay 
b=1- >> = (7.195) 
7.7.4 Solution with an electronuclear interaction 
(7.196) 


1. Coordinates 2” =u,2zt=r,c7 = 8, 2% =y. 


2. Gomponents of the Newman-Penrose symbols 








oi, = (0,1,0,0), of; =(1,U,0,0), 


Chi = B(-irw¢/V2,0,P,iP), Ct = oy 
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of = (1,0— rye" /Vv2 P, rwe?/V2P), 
git — (-U,1,Urye?/ V2 P,-Uryc*/V2P), 


“ ; 16 ot 
,0,1,2), a; =o; 3 


oft - 


lL ,. 
i -s (0 
2oP 
1 _ 2 -1/2 = 
U=—-5 + palrre/2 + rn)s P= (2) (1+ ¢¢/4), 
C=e%+ie", ry = constr, = const. 
3. Spinor components of the Ricci rotation coefficients 
p=-(r+iryy, a = pa", b= -@, a’ = ¢/4, 
jz . 
y= PQ, p= plat Pw frat ppW 2, Wo =r. /2tiry. 
4. Spinor componente of the Riemannian tensor 
¥,==90",'. 


The Riemannian metric of the solution (7.196) in the coordinates (7.182) 
has the form 


ds* = ®[cdt + 4ry sin*(@/2)dp]? + dr? /b— (7.197) 
-(r? + rae? + sin? ede), 
where ; 
+2 
go) (7.198) 
rat pe, 





7.7.5 Solution with electronuclearquark interaction 


(7.199) 





1. Coordinates co =u,ct=rjct*= 4c = g. 
2. Gomponents of the Newman-Penrose symbols 





oi, =(0,1,0,0), of; =(1,U,0,9), 


ong = A -trw6/V2,0, PP), of, = of; 
of = (1,0-rye?/V2 P, rye? /V2P), 
git = (-U,1,Urye? {V2 P,-Urye?/Vv2P), 
. 1 . a 
o1 = - 7 O,u a = ae 
a; IP rts), o; Or 


1 ~ y 
U=-5 + palrer/2+r3, — 8Ari lt A(r? + brZ), 
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Cae 4ie*, P= (2014 C74), 


ry = const,r, = const, A = const. 


3. Spinor components of the Ricci rotation coefficients 
_ pe ynt _ yd _o= o 
p=-(rtirw), aw=po', B=-F, ao =¢/4, 


pat pw/2— Kr, p= p/2+ p2W°/24 ppW fa - Arty, 
ye = ref2 + ie = const, y" = -tAry. 


4, Spinor components of the Riemann tensor 


¥, = 0 = "po? A= A/6 = R/24 = const. 








The metric of the Riemann solution (7.199) in the coordinates (7.182) has 
the form 
ds* = ®[cdt + 4rysin?(9/2)}de]? + adr? /b— (7.200) 
-(r? + rar (ae? + sin? ede), 
where . 
rre t+ are - 16Ar} 


g@?=1- 
rat pe 


— 2A(r? + 5r3)). (7.201) 


7.7.6 Solution with Coulomb-Newton interaction and three- 
dimensional rotation of a source 


(7.202) 
1. Coordinates 2” =u,2zt=r,c7 = 8, 2% =y. 
2. Gomponents of the Newman-Penrose symbols 








oha = (a, 1,0,0), ot, = ppm, -Y,0,), 


‘= ~—(iasin#,0,1,icosect), g.=ot, 


"ai = /2 14 ~ “ai? 
ot = (1,0,0,-asin? @), 
ot = op (¥, (e7)*, 4, —asin? eY) } 
oft - 4 (:asin #,0,-(ppz)-*,-1Msin 8), git = oft, 
f2 
Mar?ta*, Y= (r?4+a?- 2¥'r)/2, 


a=const, W" =r, /2= const. 


122 CHAPTER 7. CONSTRUCTION OF SOLUTIONS. .. 


3. Spinor components of the Ricci rotation coefficients 
p= —(r —iacos#)-*, 6 = — cot p/(2)*?, 
T= tasin@p?/(2y/?, a=n7-B, b=Y¥p"F, 
yout(rt+ ¥"\ep/2, 7 = tasin dpp/(2)'?. 
4. Spinor components of the Riemann tensor 
v, =F = v",?, 
The metric of the Riemannian solution (7.202) in the coordinates (7.182) 
has the form 
ds? = (1 aut 2g? 4 — 204 in? oapeat 
SM By atcost a} « + ay atc em Pear 
r?4+ a? cos? é 
r2_ 2Wr + g? 


20 ra? 
2 2 2 2 a m1 
_ (- + a + re +atcoste ) 6lfl Gdn - (7.203) 


dr? — (r? + a* cas? de? - 


7.7.7 Purely torsional solution 


(7.204) 





1. Coordinates «9 = u,ct =r,c*7 = 8,27 =. 
2. Gomponents of the Newman-Penrose symbols 





: 


gi. = (0,1,0,0), of; = pmQ,-Y,0,¢), o4; = ~via sin#,0,1,cosec#), 
V2 
ot = a, ot = (1,0,0,-asin’ 4), ott = pp(Y,(op)*,0,-asin? AY), 


ot — (:asin#,0,—-(pp)*,-eMsin @), of? = oft 


SI 


QMar?4+a7, FY=(r*?+a7\/2, a =const. 
3. Spinor components of the Ricci rotation coefficients 
p= -(r- tacos e\*,B = — cot op (2yr"?, 
T= tasin@p?/(2y/?, a=n7-B, b=Y¥p"F, 
youtrpepf2, 7=te sindpp/(2y?. 
The metric of the Riemannian solution (7.204) in the coordinates (7.182) 
has the form 
r44a*cos?¢ >. 2.8 3 
ipa dr — (r° + a° cos* #)de* — 


—(r? 4+ 47 )\sin? Ady?. (7.205) 


ds* — c*dt? — 
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7.7.8 Solution with a variable Coulomb-Newton 
interaction and three-dimensional rotation of a 
source 


(7.206) 





1. Coordinates c? =u,ct =rjc* = 8,227 = @. 
2. Gomponents of the Newman-Penrose symbols 





Ohi = (0,1,0,0), ot; = pp(2, -Y,0,a), 


on; = - Fla sin?,0,1,:cosec?), oF, = ot. 
ot = (1,0,0,-asin? @), 
o;* = pplY,(pp)7*,0,-asin? eY) , 
Go 


oft = a (sasin #,0,-(ppz)-*,-1Msin 8), git = gil 
f2 
Qar?+a7, Y=(r*ta?—- 2¥'r)/2, 
a=const, ©" = ¥°(u). 
3. Spinor components of the Ricci rotation coefficients 
p= —(r —tacos#)*, 6 = —cotep/(2y*?, 
7 = tasin bp? f(2yil?, a=n7-B, p=Y¥p"F, 
yout(rt ¥'(u))op/2, T= 40 sin dep (2y'/?, 
—i¥"(u)ra sind p*7 
31/2 . 
4. Spinor components of the Riemannian tensor 


a 


¥,=F =P" (u)p’, 
WV, = iF" (wa sin #p*p/(2)3/? — 2b (w\ra sin @p*a/(2\t/?, 
VW, = (ura? sin? @p*p/2 + $(u\ra? sin? @p*7, 
Wig = —i8" (wa sin @e7p/(2)7/?, 
Wo. = -©"(u)ra? sin? Oo7 7/2 — D (ur? pz, 
The metric of the Riemannian solution (7.206) in the coordinates (7.182) 
has the form 


aue(t Aye 
dset- {1— (f)r cde? 4 (t)ra 
r24 a4cos4¢@ r24 a? cos? 4 
r+ a? cas? é 
r4— 20 (tir + a4 
20" (Era? 
(24324 RO 


r24+ a*cos?¢@ 


sin? @dywcdt — 
dr? — (r? + a* cos? de? - 


sin® ‘) sin’ @dy*. (7.207) 
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7.7.9 Solution with electronuclear interaction and 
three-dimensional rotation of a source 








(7.208) 
1. Coordinates co =u,ct=rjct*= 4c = g. 
2. Gomponents of the Newman-Penrose symbols 
Tha = (9,1,0,0), ol; = pp(S, —II,0,a), 
to Pp - : - - ee 
=H FR sin? + 2iry cote, O,l,rcosecP), of, = o4,, 
Dartryta*, La (r?—-ri + a*—rer)/2, 
ry = const, d= const, fr, = const. 
3. Spinor components of the Ricci rotation coefficients 
p=-(rtiry—itacos#\", B= 78", w= "7", 
a= pat pT!) 7 = ppr", 
i 
= pl2+ p¥? [2+ ppH [2+ p*pr®7, 
y = pry? + patr®a® + 796°) + pt prot, 
Wl =r, /2+iry, 
1 1. . 
qe =-p", pl = — 7 (2? cobé, rls ~sia(ayi? sind. 
4. Spinor components of the Riemannian tensor 
¥, =="), 
The nonzero components of the metric tensor g,; have the form 
Guu = pp(rer — rip + a" cos? #), 
Sur = l, 
Ju = —2ppry cos OIL + 2ppa sin? O(rer/2+ r5), (7.209) 
Ire = —4 sin? @ — 2ry cos @, 
deg = —r7 (ra — acos ey, 


Soe = ppllla sin? @ + 2rn cos ey? — ppsin® @b?. 
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